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In this article we try to justify why the general
solution of the llnear dlfferentlal equation of second. order -
involves' rho arb*trary constanta.
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In schools, the solutions of the differential equation .
of the forl;ﬁ
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y(t) + ay(t) + by(t) =0, (1)

for instance, the wave equation y+w v=0, are usually
discussed. When two special solutions yl(t), yz(t) of $1)
are found, the teacher comes out with the startling statement
that evefy.éolution of (1) can be expressed in the form

where ¢ and ¢, are arbitrary constants. Some teachers, .
presumably to dampen this shock, may add that this fact can’
be establishéd'by using the uniqueness theorem (stated below),
linearZity of (1) and concepts from the theory of "vector
spaces”. Even the student whoﬁwas aboéut to stand up and
press the teacher for a plausible explanation cf this fact
will, after this "explanation involving terms that he little
understands, quietly sit back mumliling "Oh, it is one of
those things". The reason for this article is from the
belief that the teacher can "lessen"” this "uneasiness" by
showing that the ahove fact is plausible without explicit
reference to vector space and basis. The usual trick for
sneaking in an algebraic concept is to use geometrical
diagrams, and this is exactly what we shall do here. We

think that the student can accept the‘foilowing uniquenes§w““'f
theorem without mueh difficulty.




Uniqueness theorem* Given two constants a and B there is a

unique solution of (1) satisfying the following initial

}5 (3)
8.

Let us now choose any two (nor-trivial) solutions,of (1) and

conditions:

y(to)

y(to)

then shpw that every solution of (1) is of the form (2).
Let (al,Bl),(az,éé).be>two'pairé b%'c¢nstants such that
neither pair is (0;0). Let yl(t) be the unigue solution
of (1) with the initial conditions
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=nd y,(t) be the unique solution of (1) with the initial
concitions '

y(to)

1]

Q
to
-

s i

I
LT
o]
Ll

Our objective is to show fhat eﬁcry solution of (1) can be
expressed in the fornm ' bode 5 I0
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ciyl(t)_+ gzy?(t)“

* A sketch of the proof may be found in “Introduction to
§rdinary differential ‘equations?, by A. L. Rabenstein, -
cademic Press (12€6), pp. 29-31. '
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As a first step, we rewrite (l) as follows:
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i.e. x1 O 3 xl
5‘{2 e "b }x-\
i.e. x = A %, vhere " /:{l and A =/ 0 i 5
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O Xy
e consider the Carte51an plane w1th axes rdl 27, somethps

called the phase. apahe. Then by virtue of the abovo
formulation of (l) we can view the solatlons oF (l) as

curves in thlS plaﬁc raprcsented parametrivally by
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Thus the solution yl(t) is a curve in thié'plane which
passes through the point Pl(al,Bl) at time to . Now consider
any solution y(t) of (1). Since this is a sclution of (1),
it can be viewed as a curve in this plane; Let us“take s
that this curve V(t) passes through the point P (3,B) at time

r
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Jsing the triangle law of addition cf vectors we can find
ccnstants Cq7 4 such that
4

T e
Ncw consider the fuaction ¢(t) = <y yl(t) + C, y?(t).

Clearly this curve passee through F(d,R) at timc t, DY
virtue of our choice of Cyr Coe Further as yl(t)_and,yz(t)
satisfy (1) ¢y y,(t) + c, yg(til’ will also satisfy- (1)
for arbitrary constants c; anc Coe This .isthe linearity
property of (1) .. Thus ¢ () and y(t) arc solutions of (1)
and they pass through the same point P(d,B) at'time t,-
Hence by the uniqueness theorem
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g(t) = ¢(t) = clyl(t) 4 czyz(t)

vhich establishes the original claim.

PROBLEMS AND SOLUTIONS

Dro“lema or soluylons snould he snnt to Dr++¥ek.Leong;
Department of ﬂathmnatlcs, Unlvorglty of Slqgapore, Singagpre
10. If a solution to a subnitted problem ie known, please
include the solution. 3 |

P6/74. (A generalization of P1/73)

If x,y,k are positive and xgy, “#1, prove that

~ X v LR Pligy
= _ X+ ky " yHFERLE LI

. s ¥ z
(id) v + KX X + ky i

-

(Lconard Y. H. Yap)

P7/74. 'If p,q,r arc distinct primes, show that
it e B : : ; :
3 3

™, r~ do not form an arithmetic proqgression in any order.
P
“(via Lim Foon Tiong)

P8/74. Without using tables, show that

2edodens DD '
3 oS o
o:.ﬁ..aloo
(via Louis .. Y. Chen)
P9/78. Show that for all positive integers m and n,

/m+0> (m+1) (m+2) (m+n) (m+n+l) ’ -
! + st | = ‘ ; Where
y 9 n n ,
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