
Hhich es·tablishos tho original claim . 

.. 
PROBLEMS AND SOLUTIONS 

Pro::;.lems or solutions should he s f.mt to Dr • • Y .:~ .Leong , 

Department o f l'lathematics, University of Si~gapore, 

10. I ,... , t· '· . t .· . '.L.t , \ ~ . I a so~u 10n o a sucn1~· eu pro0~em 1s 

include the solution. 

P6/14~· (A ge n e ralization o f Pl/73) 

If x,y,k are positive an6 x:j.y , ~ --11, prove that 

:{ 
+ Y. ) 

z 
X + ky y + k.X }'~ + l 

{i) 

( ii) X Y. < ~ 
y + kx X + ky F"T. ., ,J, I ~ 

Singapore 

pl.a<'lSC 

(L~onard Y. E. Yap ) 

~7/71 . If p,q,r arc distinct pr1rnes, show that 
,·: 

1 1 1 

p!, q 3 , r 3 do not form ;;m arithmetic progression in any order. 

·(via Lim Eoon Tiong) 

P3/71. Without using tablds, show that 

1.3.5 ••. 99 

;. • 4. 6 .. . 100 

P9/7 5 ·. 

< J._ 
10 

Sl1o,•! that 

en+O) 
\ 0 + 

(m:l) + (m;2) 
for 

+ 

(via Louis il. Y. Chen} 

all positiv.-:: i.:r- t c_gcr s m ~nC. n, 

... + ( m:n) = (m+~+l} 
1 v.:hcre 
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: \ .· 

is the binomial coefficient (m+i)l/rn~il. 

(Y. K .. Leong} 

Pl0/75. Twe lve matches, ea~h of unit length, form the 

figure of a cross G.S shm"1n. 

Rearrange the matches in such 

a way as to cover an area of . 

four sauarc units. 

(from "Figu~es for fun" 

~ by Ya. Perelman) 

Solutions to Pl - PS/74 -, 

Pl/74. Prove that the expresGions 2x+3y and Jx+5y are 

divisible by 17 for the same . set of integral values of x and 

Solution hy Lim Boon Tiong. 

Fron the identity, 

(2x+3y) 2 + (9x+.5_y) 2 = l7(5x 2 +6xy+2y 2 ), 

it follows that (2x+3y} and (9x+5y) are divisible hv 17 for 

tl:c same s .8t of integral values of x nnd y since 17 is a 

Alternative solution. 

Co~sidEr tho idRntity, 

9(2x+3y) - 2(9x+5y) = l7y, 

and the fact that 17 is coprime to both 9 and 2. 

P2/7(. Let t be ~ ~ivcn pcsitivc od~ inte0er. Suppose 
- ')u . tnat ~. 1s thA highest poH::;r o:.: :? (.i.ivid.ir:.0 r+l .c:.rid that 2v 

is the highest power of 

2u+v+n·-l . . h h. h -'-13 t: .e 1g .es ... 

is a positive integer. 

Solution by Lim Boon ?iong. 

Use induction on n. The result is true for n~l since 

r 2 -l = (r--1) (r+l). So assume the rcsul·t to be tru'3 for n 

n=k "?:- 1. 'i.'hus from the id.enti ty 
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~k+l 
. ·. rL. 

it remains to show that 21 is · the highest pmver of 2 

k-1 k 
dividing r 2 + 1. Since r is odd, 2 " ~ r = ,-; :s+ .L for some 

integer Sp and so 

l 

Hence the resul.t is also true fer n=l<+l. 

P3/71 . A visitor is travelling in a land where each 

inhab itant e ither .always tells the truth or always tells · 

the lie. The traveller reaches a fork road, one branch of 

vlhich l (~ads to a region of quicksand. He :i'.le ets a native at 

the junction of the fork road. Hm·l can the traveller by 

asking the native only one CJ.Uestion find. the 'l.vay to the 

capital with c ertaintv? 

Solution by Propos~r. 

One such question the trav 3llEr could ask the native 

is: '!Is it true that you a hvays t.-:11 the truth if ·and only 

if the branch on the left leads to the c~pital? 1: If the 

ans\¥er is .: y e s " , then the branc:n. on the left lead s to the 

capital. If the answer is " no " , the n it l e ads to the 

q uicksand. 

To see this, let A be the proposition 11 You (i. e . the 

native ) a lways tell the truth " and B +.:.he proposition 1'The 

b ranch on the left leads to the cap'i tal. Yl Set U;') the 

f o l lowing truth t a ble for the proposition A~ B: 

.A B 1\ ::::::> B A <;;:== B A~ll 

"' 
,., T T .,.., 

J . ... 

F T rp F' F 

F F :~ m rn ... 

T F 

I 
F T ~ 
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where "T 11 and "F:' denot;e '"true" and '!false" res!)ectiv~ly ~ 
., 

Fror1 this tc,.hle, '\•Je see that if A is true (i.e. the native 

alFays tel.ls the truth) , then the truth values of A <¢:::>- B 

aoincide with thos~ of B. On the other hand, if A is false 

{i.e. the na·tive alway~ t _ells the lie) , the'n the, truth ~~lu~;;s 

of i\ ~ B a:ce the opposite of those of E. nut being what 

he :!.s .• this native \dll reverse the truth values of A ~ !:1 

in his answer. T~e effect is that t~e native's answei will 

correspono to the trut;1 value of D no matter 'l;lho gives the 

answer to the question posed. 

P 1j'7t T t ( ) "' +· ...,. ' + ..,.nl '" ) -1:· ..~.b, + . ..; .. , ,.n ·- " " .we P x = .... o.d.l".:,-. • · '\n"' ' q;x- 'o' lx · · o' -~n·"· 

be polynomials \<Jith real coeff i cients a~ , :) ~ o Sup:pose that .,.-, 
.J. .J. 

r and s ar;; t\'TO coprime positive integers such that 
r r s s p{x) = q(x) and p(x) = q(x) • Show that p(x) = q(x). 

Solution. 

':'.'here are positive integers k and 1 such that rk·-s1=l. 
r'~<- r..:l rl· ·-. ·. . · ;s:Q 

·renee i)(X) ·• =. p(x) .p(f{)-· , or q _(x) ;'· = p~x)q(x) 1 • ·But 
rk sf 1 (x) ~:: q ( x ) • q (x) o Thus 

(p (x) q(x)) q(xt 81 = 0. 

'Te may assume that q (x) is not the zero · polyno:rnie~,l. Hence 

i?{x ) - q(x) = O o 

P5/74o Let n(n ~ 4 ) distinct points be chosen a~ a 
•,.' 

given circle . Join eacb pair of po ints by a straiqht line. 

Shov7 that the maxir::~~ nru.-nl:-er of poin·ts o£ intersection ~rhich 

li<2 inside the circle is n {n-1 ) (n-, 2) (n -3) /2 ·1. 

Solution b~ Tan Nguan·sen 

The !Ytm'ber of points of interscctio:u. ~Jhich lie inside 

the circle is :naxirlun1 v1l1en no tl1ree li:1(~S ::.!."e concurre11t. 

Sach r equired point>of inter'3e _ _ction arises fro);} ~ d istinct 
-

point s on the circle1 it is t he inte rsection of t he d~a96nals 

of the quadr ilateral with the 4 points as v e rtices. ~ence 

t.!·1e re.:r;{uirod rJ.t:In.tH3r is just t he nu~~or of auadrilaterals that 

caP. be f ormed from the n given points 1 n<.:mely 

n ( !':.·- l) ( n-2 ) ( n-3) I 2 4 o 
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Correction to the solution of 1?2/73 (this ''nedley" 

Vol.2, No.1, p.2o)~ 

Find the larges-t number that can be obtained as a 

product of bro positive inte'}ers 'i.,:hose sur1 is a givGI'. posit.ive 

integer s. 

The solutio~ as presented is only a partial solution 

(>;,,·hen s is even) as pointed ,out by Dr~ Louis Chen and tZ1e 

Proposer. The compiete solution is as foilm.;s. 

Let p =:= ab, s = a+b where a and b are posi tlve integers. 

Th~n 4p = s 2
- (a-b) 2

• Since sis givGn pis greatest ~hnn 

(a-h) 2 is smallest. If sis even, then we can choose a to 

be ec:ual to :'0. If s is odd; then a and b f.tre·of different 

parity and so (a-b)~ is at least 1. Henc~ the largest valus 

of p is s 2 /~ or (s 2 -l)/~ according as s is even or odd. 

****************~*** 

BOOK RE~liEvifS 

3ooks for revie\<I should be sent to Dr. r_, . Y. r.am, Department 

of r·:3.thematics, University of Singapore. 

An . Introduction to S•::ts. :py A .P •· ·I\earney·. Blackie, London, · 

· Glasgow, 1965_, 159 pp. 85 pence, 

Sc t:.s and S-;1i tches: Using the .I<arna~gh !•lap Technique': . By Alan 
. . . . . . 

Sherloc]( and Tiilll)thy Brand. Chv.tto & Windus Educational ? 
London, 1!;73, ll7 , pp. 70 pence. 

In Kbarn~y's book, the concepts ~f sets~ equivalent sets: 

opsratioD's On sets (intersection~ union, differcnc~_ .:. :-.d 

complementation) are introduced. Ni thin some -15 pages \d th the 

hclr; of nu.llcrous Venn diagram~ and ill"..lstrative exanples. 

The author also · :mentions triefly th"'? real number system; the 

rational numbers and irrational numbers, and in particular, 

the integers. Using the nei .. ? terminology, he describes th8 

graphs of inequalities, r P lations and functions. 

In the latter part c;f tl'1-.::~ ',:.ook, the aut~:.or atterrpts t:o 

present a:tstract proofs of f;c t: ic.~' :-ltiti t~ ~:: . '::e: also mentions 

the alternative method o:f nr:)of t v ~memtershin ~ (or 
. -

1
' in-out l l ) 

tables. Finally there are sornc brief remarks about t~e laws 

of Boolean algebra. 
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