g(t) = ¢(t) = clyl(t) 4 czyz(t)

vhich establishes the original claim.

PROBLEMS AND SOLUTIONS

Dro“lema or soluylons snould he snnt to Dr++¥ek.Leong;
Department of ﬂathmnatlcs, Unlvorglty of Slqgapore, Singagpre
10. If a solution to a subnitted problem ie known, please
include the solution. 3 |

P6/74. (A generalization of P1/73)

If x,y,k are positive and xgy, “#1, prove that

~ X v LR Pligy
= _ X+ ky " yHFERLE LI

. s ¥ z
(id) v + KX X + ky i

-

(Lconard Y. H. Yap)

P7/74. 'If p,q,r arc distinct primes, show that
it e B : : ; :
3 3

™, r~ do not form an arithmetic proqgression in any order.
P
“(via Lim Foon Tiong)

P8/74. Without using tables, show that

2edodens DD '
3 oS o
o:.ﬁ..aloo
(via Louis .. Y. Chen)
P9/78. Show that for all positive integers m and n,

/m+0> (m+1) (m+2) (m+n) (m+n+l) ’ -
! + st | = ‘ ; Where
y 9 n n ,

- 13 i




(m+1 ) is the binomial coefficient (m+i)\/m[i!.
i A : ; J

6 < K. Leong)

P10/75. Twelve matches, each of unit length, form the

figure of a cross as shown.
Rearrange the matches in such
© o
T a way as to cover an arca of
four scuarc units.
] ——0'!
1 (Erom "Figures for fun"
D, s i " by Ya, Perelnman)

Solutions to Pl - P5/74

P1/74. Prove that the expressions 2x+3y and 9x+fy are
divisible by 17 for the same set of integral values of x and

yﬁ

Solution by Lim Boon Tiong.
From the identity, '

(2x+3y) 2+ (9x+5y) 2 = 17 (5x%+6xy+2y?) ,
it follows that (2x+3y) and (9x+5y) are divisible by 17 for
the same set of integral values of x and y since 17 is a
Prine. |

Alternative.solution.
Consider the identity,

9{2xX+3y) ~ 2(9x+5y) = 17y,

and the fact that 17 is coprime to-both 9sand 2.

P2/74. Let ¥ be a given positive odd integer. Suppose
¥ e
5

1 ” - £ i )
that 29 is the highest poway o0f 2 dividine r+l .and that
is the highest power of 2 dividing r-1. Show that

2u+v+n-~l

. : 3 LhNeE. b »
iz the highest power of dividing r?"-1, where n

is a positive integer.
Sclution by Lim Bocn Tiong.

Use induction on n. The result is true for n=1 since
r?-1 = (r-1) (r+l). So assume the result to be true for n
n=k > 1. Thus from the identity

= 5 =~



X+1 % Jk
: (o NG AR

2}
i
=
i

it remains to show that 2° is the highest power of 2
e Rt K | ok-1
dividing r~ + 1. Since r is odd, r

integer s, and so

= 2+l for some

-
% ¥ T EVoR Y IR A oo g e 1)

Heﬁce the result is also true fcr n=k+l.

P3/74. A visitor_is_traveiling in a land where each
inhabitant either always tells the truth or always tells -
the lie. The traveller reaches a fork road, one branch of
which leads to a region of quicksand. He nmeets a native at
the junction of the fq;k road. How can the traveller Ly
asking the native only.one aquestion finé;the way_ﬁo the
capital with certainty? : ‘

Solution by Proposer.

One such cquestion the travaller could ask the native
is: "Is it true that you always tell the truth if and only
if the branch on the left leads to the capitalz?®  If the
answer is “yes”, then the branch on the left leads to the ¢
capital. If the answer is "no*, then it leads to the
quicksand.. g 2ol ,
To see thié, let A_be ﬁhe pronosition "You (i.e. the
native) zlways tell the truth" and B the proposition "The
branch on the left leads to the capital.®” Set up the
following truth table for the proposition A & B:

A B s s B A L="18 A g1
T T ¥ T P
F T T F 3
F F T T T
'y F ¥ T ¥

= 15 =~

) .'&:J
¥

s )
i




—

where "T" and "F! denote "true" and "false" reébeﬂtiééfv;
From this table, we see tHat it A is true (i.e. the native
alvavs tells the truth), then the truth values of A<=~ B

zoincide with those of B. 'On the other hand, if A is false

(i.e. the native alway teils the lie), then the:trutp values

]

’r

of A << B are the opposite of those of E. But being what
he is, this native will reverse the truth values of A <=> 7
in his answer. The effect is that the native's answer will
correspond to the truth value of B no matter who gives the
answer to the cuestion posed.

. m
4/74 X) = a +a.Xt+... 3 1(x)=b
FA/74. Let p(x o+‘l - +am> ’ a{x) bo+bl

be polvnomials with real coefficients a;,bi. Supvose that
-

X+...+tb %
n

r and s are two coprlme positive integers such that
p(x) == q(x) and p(x) = q(x) Kat ahOW'that p(x) = g(x).

Solution.

1

There are positive integers k and 1,such that rk-s2=1.

lence p(x)ry p(x) p(x)" 1, or q(") = pgx)q(x)'n; " But
| (x)r‘x‘ 35) .q(x) . Thus
(9‘(X) q(x)) q(X)“’ﬂ C. S

“ile may assume that g(x) is not the zero polynomial. Ience
pix) - a(x) = 0. | -

P5/74. Let n(n =2 &) distinct points be chosen or a
given circle. Join each pair of points by a straight line.
Show that the maximum number of points o0f intersection which

l1i2 inside the circle is n\n~l)(n»?)(n ~3Y /24 .

Solution by Tan MNguan Sen

The number of points of interscction which lie inside
the circle is maximum when no three lines 2re concurrent.
Each required point-of intersection. arises from 4 distinct
points on the circlé; it is the interseciion of the diagonals
of the quadrilateral with the 4 points as' vertices. Hence
the requircd number is just the nuﬁber of guadrilaterals that
can be formed from the n glven 001nts, namely

n{n-1) {(n-2) (n-3) /24.

n



Corrcection to the solution of P2/73 (this "liedley"®
vol.2, i10.1, P.20). | o

Find the largest number that can be obtained as a
prédﬁct of two positivé integersbwhose sum is a given positive
integer s. B

av iThe solution as presented is only a partial volution

(when s is even) as p01ntedzout by Dr. Louis Chen and the
Proposer. The complete‘solution is as follows.

Let p = ab, s = a+b where a'and b afe positive integers.
Then 4&p = g2- (a-k)2.. Since s is givéh p is greatest when
(a-b)? is smallest. If s is even, then we car choose a to
be ecual to b. If s is odd, then a and b are.of different
parity and so (a-b)? is at least 1. YXence the largest valu=
of p is s2/4 or (s2-1)/4 according as s is oven or odd.
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BOOK REVIEWS

Rooks for review should be gent to Dr. L. Y+ 'Lam, Department
of Mathematics, University of Singapore.

An'Introdﬁétibn'té Sets. By A.P. Kearney. Blackie, London,

Glasgow, 1955, 159 pp. 85 pencc,

SetLs arl Slltch es 3 Using the Rarnaugh Map Technique?. By Alan
Sherlock and Timethy Brand. Chatto & Windus Educational.
London, 1273, 117 pp. 70 pence. o i

in-] oarnay’s boov the concepts of sets, equivalent sets:

operations on etq (intersection, union, dlfferpnce and
cowplenenbutlon) are introduced within some 25 pages with the
helg of numerous Venn diagramg and illustrative exanrles.

The author also mentions kriefly the real number system: the
rational numbers and irrational numbkers, and in particular,
the integers. Using the new terminology, he describes the
graphs of inequalities, relations and functions.

In the latter part cof the book, the author attempts to

present akstract proofs of set identities. He alsoc mentions

G
the alternative method of proof kv "membership”® (or "in=-out”)
tabkles. Finally there are some bkrief remarks about the laws

of Boolean algebra.




