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The “term modern 2lgebra was introduced in the 193C's to

distinguish it from classical algebra which was generally
nderstood to mean th2 theory of csquations. According o an
cainent American mathematician (G. ﬁirkhoff), the theory of
aquations may be' defined as “the art of solving numerical

proklems by manipulating‘svmbols".' The central icea of

modern algecbhbra is that of an algekbraic system by which we

mean ‘a 'set of okjects (called clements) together with cne. or
more rules: of combination (called‘qgerafions) of these elements.
The most common rule of combinaticn is a binaré cpaeraticn.

This is @ rule which assigrs to each ordorﬂﬂ ralr of clements
of the set another c¢lément of the set. The set of all
integers together with the operatiqns of addition and malti-

plication is an algebraic system. 3Jut, in.genéral, the
elements of an algebraic svstem are not numerical and the
operations have to bz defined. In defining the on rations

we have to lay down a number of assumptions (called postulates

or axioms) on the behaviour of the elemonts w1th rgspact to
.zha operations.: Once the ayioms are 1aia down we can begin
-0 daduce consequences (called theoremg) using logical

arguments.

This makes modern algébré sound like a game. Put there
are games and games. Some James have many players and some
have only a devoted few. In genéfal, algebraists do not
write down axioms in order to wlay gares. Yiost of the

algebraic systems have nltlmatnly sonethlng to do with other
branches of mathematics, which may or may “Ou he .applicable :
outside mathkmatics. as far as we ﬂnor, most branches of
mathematics have some aprlications in the real world. ‘hen
comnley numbers were first studied, it was hecause they were
useful in solving equations and not because they had any
application in the resal world.

ot

lowadays, one can hardly
imagine the study of aerodynamics or electronics without these
"imaginary numbers®.

Before we take a closer look at one or two of such




systems, let us have a brief survey of

Y‘ 4

,ecme of the develop-— !
ments in algebra in the eighteenth and nineteentl centuries.

~Some highlights of classical algebra. -
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 1750-1830 .

During this period the Fundamental Theorem of Algebra
~was actively studied. This theorem'5£ates that every polv-
nomial ecuation ' :

n n-1 R, "=
ax + a;x + cou + a8 X+ =
o L2y n-1 257 Oun

where n is a positive integer and-a;;al,..;}a are complex

n
numbers, has a complex root.

5By 1770, JﬁAL. agranqe (173c 1813) already reallsea
that tHe synmatrlc groun had some relevance to the sclution

of a pclynomial ovua+ion by rad1ca1

-L. Euler (17D7~1783) considered the real férm_of the
Fundamental Théorém of Algebra but his nroof is ohscure.

s F Gaugs (1777 18559 was the flrst to give a number
of' Llcorous Droofs of the Fundamental ”h@orem of Plgebra
from 100 onwards. Gause also developed gvstcmat1C/1terat1ve
and. elinlnation technlques for solving elmultaneou gcuatlons
in many urknowns. o

The s&dfch forﬂgoneral solutions by radicals of polynorlal
_ euguations of degree gr@atcr than or equal to 5 turno& out

' to be futile when M. H. cl (1802~ 1829)and E. Ga101s (l€11-~
1332) proved that such solutions ¢o not exist.

1”30 1850.

Galois and A. Cauchv (178n 18)7) made 31gn1f1cant

trlbutlons to the ﬂevelopment of group theory before.

'18% . .. In 1830 Galois constructed a finite fleld of each

prime power: oruer.'(z ftold is an algebraic aystem SLmllar

to the set of rational numbors with the operations of addition
‘and nultlpllcatlon.' A finite field is one which hao a finite
number of clements.). s

Gauss and Legendre (1762-1833) initiated the study of
commutativs rings, (which are systems similar to the set of

integers under addition and multiplication).




Non-commutative rings, vector algebra and matrix
algebra were introduced and studied by W. Hamilton (1805-
1865), H. Grassmann (1809~1877) and A. Cayley (1821-15395).
Matrix algebra eventually developed irto what is k“own
today as linear algebra.

C. Boole (1€15-1864) published in 13854 his “Introduction
to the Laws of Thought”. This is the origin of Boolean
algebra.

—
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1860-1214

During this perlod the axiomatic annroach of modern
algebra was 4evploped

The axiocmatic treatment of grouns, flolds and rlrgs
was studlor by Cayley, G. Frobﬂnlus (18”9 1917), R. Dedekind
(1821n1317) and B. Peirce (1%01 1880) .

In 1888, G. Peano (lb58“1932) initiated the axiomatic
approach to arithmetic. This was developed by 3. Russell
(1872-1970) and A.1. Whitehead (1861-1247). 1In 1899, D.
Hilbert (1862-1943) in “Foundations of Geomectry® initiated
the study of axiom svstems. ' :

Dedekind also provedﬂﬁhé'uﬁidue factorization of
algebraig number f£ields. The stuay of algebraic number
fields is to-day one of the most active branches of algebra.

The above bfief survey shows that most of what we call
modern algzbra was known before 1914. 1Ifodern algebra in
its present form is due mainly to mathematicians 1ike
F. Noether, E. Artin and B.L. van der Waerden. In particular
the book "Moderne Algebra" by van der Yaerden pubklished in
1931 not only made modern algebra respectablc but also
popular. If we are to CHOOSO one book which has the greatest
impact on algebra in tho twontibth century, this nust be it.
2ut by 1959 the materlal in van der Waerden‘s book was no
longer modern and he changud the title of the book to
"“lqpbra So what was known a ‘modern algobra in the 1930's
has become almost classical by 1960

__The, follow1ng diagram 1lluutratas the relationships
between some major alqenralc oystems wnlch are bolnq actlvely
pursued. ' '
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We now select two algebraic systems and have a closer
look at their arioms.

The first system is a growr. The folilowing axioms =
were given by E. V. Huntington in 1206. b

Definition A group is a-set G of glements (to'he
denoted by small Latln letters), any two of which, say x-
ané y, have a: sroduct. hy v“lch sitisficc.the following

: E ; ¥ Ayt

.i-—-—.——_
conditionsi:

Gl. ialtiplication is assoc*atlve- x(vz) = (xy)z
for all y,y,z in G. B : : G

Ga. “For any two. clcments a,p in u, there exis£
%,¥ in G'ﬁach that xa = b and av = b.

From 'bese aylows one can deduce, by u51ng ‘general
principles Qfsloglc,AVarlous 51mplg.cqu1t10ns which can
s;rve.ﬁgfaltérnétivé definitirnS-cfzagroup.' These can he
found intany'bbdk on modern algebra. %

The second algebraic system is'a field. The following
set of axioms is also due to Funtington: . : ‘

Definition. A field is a. set'F of ﬂlementa, any two
of which have a sum x+y and a preduct xy which’ ‘satisfy the
following conditions:




Fl. Addition and multiplication are commutative:

‘X+y = y+x and xy = yx for all x,y in F.

F2. .-Addition and multiplication are associative:

X+ (y+z) = (x+y)+z and x(yz)=(xvy)z

for ali x,v,z‘in F.

-

F3." Multiplication is distributive on sums:

x(y+z) =.xy + x2 for all x,v,2 in ¥

'

F4, For any a,b in I, there exists some x in F
such that a+x=b.

F5. 1If a+a# a, there exists some y in F such that
ay = b..

tlhen one lcoks at these two,algebfaié?§§étems; one
notices that nothing is said about the kind of elements
contained in /G.and F. The operations in these systems are
defined ‘by the groduct'and §E§'whidh have;to sétisfy'“
certain conditions. These terms are borrowed from ordinary
arithmetic so that they may bhe more easiiy understood though
any other terms will do. . The actual operations in a'speéific
group or field ray be of importancé, kut in the general
study of these éyétems we do not have to Qorr? about them-at
all. All we need to know are the conditions which they
satisfy. Whether we can deduce =zny cignificant results from
the axioms of an algebraic system is another matter. . The
fact that we are not shackled by any particular system such
as that of the real or compié%ﬁﬁumbers is one of the main
reasons for the flowering Of'élgebra in the twentieth century.




