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Ch' in Qhiu-sha.oa 

Ch' in Chiu-s.ha.o was born abotit 1202 . in Szechuap 
. . , . . . b . 

province and his work, the Shu-shu chiu-chang (Mathematical · , 
'( 

Treatise in Nine Sections:), was published in 124 7. TI-le 
' . ' 

thirteenth century was. a period which Ilk'lrked -the culminating 

point. :in. the development o~ Ilk'lothe:matics in China~ It was 

also a period · o~ political stri~e and decline when China was 
I.: 

fighting ~()r her very survival against the Mongols. · Against 

this background o~ political unrest, mathematics ~lourished 

and Ch' ip stood out as t.he f'irst of' four great matheDlc'l.t.icians, 

all living in the Sc'\Dle ha.lf'-century. The other three were 

Chu Shih-chi~he :(a V?and ering teacher), Y::mg Huid(a civil 

s.erv.ant) ; and . L~ _ Yehe (a recluse scholar} • 
. . l .. .. ... . 

What was a. mathematician in those times? In 
' 'lt . 

'. 
the f'irst, .. place, the starting point of' mathematicS' was at 

' . ~. 

a very high leyel. 

~irs:t century, this work had significant influence on 

Chinese Dlc'l. thellk'ttics up to and beyond the thirteenth century. 

A Chinese Ilk'tthemat.ician was primarily a technologist who 

was able :to solve a variety of practic.:"tl probleni.a . in the 

~ielda o~ chronology and astronomy; or 'in "the :fields o~ 

financial a~fairs, taxation, architecture, military problems· 

and so forth, and this de-termined his social role. On the · 

"This · is the text of ·a public l,.ecture delivered on 

25 April 1975. 
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other hand, msthema t.ics of a very simple kind wns one of' the 

esse~tial accomplishme~s of' the post-confUcian gentlenk~n 
~ /'; '' ( ' 

on the sal!lt.:l le.ve.l as propriety, music, archery, charioteerllng 

and callig~:aphy. 

;, __ J Ch' in Chiu-sha.o studied at the Berard ·of A.stro -

nOJIIY' .in :e.xngchow • .. This was rather exce.ption.:'l-1, and perhaps 
I • • ' ~ • • • • • 

explained why . he dealt wi t .h calendrical problems and · ·why the 

.. rema. ::.' "'·::!' p!:"ob~em was P,reaerved. In relatiort ·t .o ' ~strbriomy 
I! • 

and calendrical sc:icnce, mc'tthematics, at that ·time, was, 
··.r 

. - ' . 

considercd .the. servant to the more important science's of t.he . . . .. .. '.,. •'\,. 

heaveno Ch' in was. pev~~ an : o:f:fi~i~l mathe:mitt:ioiart, though 
1.! 

. :.... .. .- .. . ' 
i't was s~f',id · .th~t. some on~ . recommended .h.im to the empero:r. on 

,' .... 

... ' ~. _: 
' . . .· i ~ :· . (•. ~ : \ . -·. ' . · .. "', ' : 

Ch, in, in George Sartori. · s judgement, was One 
. ~ . 
' . 0':.·._:. 

·o:f.' the greatest matheinaticians'. of his race ' of his ''t1mei' 

and indeed of all times'. In his you~,h, Ch' in · was ~; ~tf: army 

off'ice:r and .vms . no~.ecl. both :for athietd.~ and literary achieve-
. ·-'· i .. 

' . ·, / ·' .. :-·~: .. '":.·~· 
ment.s. Ha later . ro:s:e to. the rank of" Governo~ in two ci tie:s .. 

' . ; i ; ~- ; . . :: .J: ' ' ' 

ciplecl chC!t,~p.ct.eJ;>. In love aff'airs ha had a reput.:-i.t.iOil 
• · ·-·-·-·:..:·· · ~ ..... :::~·· !_~.: -·~·!.k·~. -~ .... -.::.~~ ... - · ·. , , ·j-- r: . 

simtila:r to ~Vi¥ennn.~ .,Liu.Kr~-chuangg, : in 2t-'.Peti1:,ion to :the 
. . :. ·. _;!! ···.f_, ... 

. '.''' :' ei:ilPeror 9 cles.erjbed > h~pl '~s violent as a tiger or - l;i Wolf', and 
: ·;', 

' ') i . 
. :~ 1 . : ~~ poisonnus as a; vip~r o_r a scorpion • 

; ~ <,. • :- I 

... .. 
' ' Tbe suu~shu chiu-chang consists of' nine sections, 

', .. .}~~ .~; 
the.· f'~:.r~r?t he:: .. ~· tl1~ indeterminate analysis ·, ~here the: remain-

der p:.::'ohlem) l;ies; the second .section-. involves astronomical, 

caiell.d:ri~~rancrrm:rt.eorological ~i~.~~at,ions and 
: )~:..~~'<;.;~:- :··· - . . . --.' .. . .. . .. 

on l:::aicl· n:easuremerit~' · The :fourth · s~ction ; refers . to . surveying 

the third is 

b"' th~ n:e-'...;hod of triangulatiorif\vtlile.: the'•f'ifth is on land 
~h j:; v 7· -i. ! ; . ·. : 

' ...... I 
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· rr:.w ·--e::t"tte service, and ·the sixth concerns problems · on. 

money ·and grains:.· 'The · se¥anth :tnd eighth sections deal with 

structural works and military m.:"ttters respectively, and the 

last section is . on ·barter and purchase. 

Ch' in represented algebraic equations by 

placing calculating rods on the count.ing board so that the 

absolute term appeared on the top in a vertical colwnn; 

immediately be.low i{ was the coef':ficient~:-~ o:f the Wlknown 

quantity, followed by the coefficients of the increasing 

powers of the un.lmowri quantity. For example, the equation 

-x4 + 763, 200x2 ·· - 40,642,560,000 = 0 is: represented by 

calculating rods placed on :ht counting ·board as f'ollows: 

mloT_H6Toooo 

~- : .· . 

0 

' '.· ~ T ~ H I 0 0 

\ . 

•;': > .,, : i· ,' .·; . ,. ,. 
Origirtally, ' Ch in used red and black counting rods: to 

represerit' :Positive and 'negative quant·i ti~s respe·ctiV(;}:l:tr,

but. !::trii tl1e t 'ext, negative ':quantities are denoted ' by an 

erl~a l:>.Jd placed bbliquely! over the :firs"t · i'igure of' the 

number c.oncerned. 

The Shu-shu chiti;.;..cl1ang . i~Et: t .b.e 9lq_est ;exist,ing 

Chinese matliemntical text to Cvhtain :the zero symbvle 

'C'her c . are more than twenty problems. in the bo)k ilwolving 

Ehe ·sett'irtg up o:f ;numeric-air eq_uations which include one of 

the tenth degre.e, .namel,y, 

x10 + 1Sx8 + 76x6 ~ 864X4 ~ . 11,664X~ ~ 34,992 O. 
. . ' . ;. 

The method emploY:ed f'or solving these equations is identical 

to that rediscovered by Paolo Ruf'fini about 1805 and w.G. 

Horner in 1819. 
..\ 
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F"rmulae -giving the areas. of" ,various types· r.f.' . 

• 
geome-trical :Cigure:s' are ment.ioned in the. Shu-shu chiu-chang, 

a lthough some vf them are not ver.r accurate~ Problems 

involving series ancl progressions are also dealt with. 

Linear· si:r-mltaneous equq,tions are .discussed with the numbers 
,- ·:'", '.', 

set up in vertical columns; for axample, the system of 

equativns ·-··.,·:·· ·' ··-:; 
:' 

( 1 ) 140x + 88y + 15z = 58,800 

(2) 792x + S68y + 815z 392,000 

(3) 64x + JOy + 75z 29,490 

is set up on the counting board as follows . 

29.400 
I. 

,64 

30 

75 

392000 

792 

568 

30 

58800 

140 

88 

15 

·------- The-- equations--are solved by :firs;j eliminating z in equations 
' .. 

" .. 

( 1) and (3), ancl then in ( 2). and ( 3). · .. From these, x and Y 

are obtained,, . ancl. :finally z is found l:)y substi t1,1ting the 

values of x and y in (3 ); ~ In a recent work, ,Ulrich 

Libbrech:t shuws that one of Ch' in's methods. vf solving a 
. ~ • ! . !'"' . . 

'. ( s et of linear equations resembles Cramer s ;rule . eighteenth 
~ ; . . 

century). 

The Chinese Remainder Theorem 

The Chinese remainder theorew state,s that the 

system of l:j_near _congruences x= r1 (m8d m1)' x= r2 
;_· i; 

.. 

(mod m2), • 0 • ' X- rk (mod ~) such that m1' m2, ... , mk 

are coprime in pairs, has • integral -. solutions x 9 and the 

, solution · is unique modulo m
1
m

2 
••• ~. 

This theorem ·may be illustrated by a simple 
'! ••• ,., 
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problem, whimh is the oldest existing remainder problem, 

f'rom S.nn Tzu suah-chingh (Sun Tzu's Mathematical Manual) 

(f'"ourth century). The problem states: what is the num}:>er 

which when divided by 3 gives 2 as remainder, when divided 

by 5 gives 3 as rem.:'tinder an4 ·when divided by 7 gives 2 as 

rem.:'l.inder? In modern notations, 

x=2 (mod 3), x=3 (mod 5)' x= 2 (mod 7). 

The Sun Tzu sqan-ching gives the solution as 

• This problem became known in EtJt'ope through 

. ::Alexand~r .Wylie's: article, 'Jottings on the science of. 

Chinese arithmetic' in 1852. Sun Tzu'S . rule .,was poin~~d out 

by -Matthies,sen to be - identiqal .to Gauss .' s _ statl9m~n,t ( 1801): 

If m = m1~ ••• mk where m1 , m2 , e_ ~ ~, mk ar,e . , ppp~iple in 

pairs.~'!- ~ .: ~i ii · 0 (y;nvd nV'm1 ) . a~ , ai... 1 _ .(m~ mi), 

1 - 1, a,-. • • 1 k:. then X--:- ~1~1 + r2a2 +, * • • + X'kak . 

is ;;\ :: s•l.utivn c-f x ii_ r 1 (m~ . m1), x := r 2 (mod ~), 

&,., x:;rk (mod~). .,, 

The rem.:'l.inder problem reaches its zenith in . ~ .. . . 
the work of Ch1 tn Chiu-Shao~ There are ten remainder pro-

b1efilS in his Shu-Shu Chiy-chang • . T_he_ text is largely obs

cure and no ex;planations are giv~n .fo! the steps taken .. 

Be1ow is one of Cht in's prob1ems, the sta"e.rnent and working 

or whtch are simp1ified by the _use ~f modern notatiJns. 

1. X ·r . 1 (mod m1) .. x- 10 (mod 12) 

::1 r2 (mod m2) 0 (mod 1._1) 
" 

= r3 (mod ~) '" . . .. ' ;:. '\ 0 (mod 10) . ... ·(.- .: .. ' 

= r4 (mod m4) .. 4 (mod . . 9) . 

- r5 (mod m5) 6 (mod 8) 
·. ' 

= r6: (mod m ) . 0 (mod 7) 6 . 
i 

- r7 (mod,;m7) 4 (mod 6) 
, :1 I . ,, 

49 



;·.:. 

. ,·, .... ; l ~ • 

. ·--:. 

[Note th.:'"tt 1:2~ ·11, 10, 9, 8, _7, 6 are not coprime in pairs.J 

I-L1 1 . ··~ ; 
x= fO (mod 1) 2. 

I-L2 - .· 1 1 0 (mod 11) 
.. '· 

n = 11 
' .. ., 

5 'l-13 ··=· , . 
":1' 0 (mod 5) 1'0::::: 2X5 

l-14 
- 9 -

' 
4 (nnd 9) 

; 2 I 

9 = 3 

lls - 8 - . . 6 (mod 8) 8 . 23 

I-L6 ~-7 . 
; ' . 

:· . ... ;·_ 0 (mod 7) 
. l. 

6 = 2x.J . _117 ~;-1 ~ ·· •- ·· · ·. ·"' .. · 4 (mod 1) 

{-N·O'te th~t 1 ,'· 11·, 5, _ 9, ,8, 7 ,, ;:;f are oop'ri~~~ 'irf pairs and 

1.(. ,c.~. - (1z,' 1~,-c 1~, ·· ~, - ~, 7~ 9}_ 1.=l~a~o •. ' (1,11 ~,'5·,9,s,7,i)., 
This is a nece.ssary q9J;l¢ti;tion~:>:f'GI" · a11 'or--;ch 1 

in' s problems • 
.' •• ~- .... ·.) ~ :·· •• ~:· . • ••. • •• • ,1-o ~· • ' .. --.' .'~· 

:;. :·:~·1-~'L).. . . .. ~ .")"\ r:._..\ .. ;,.; 

The -set of congruen9~S -:in ~:2); is< equiifa"lent 'tib the set o:f ... . .. . ,\.. 

. : ... f ; . ~. ; . 1. 1· ~.).r:! :~1 - .'. ·. 

-···;· ~o~gr~~nces in (1).J , .. ' " __ .:_~!: __ ~_1.::-.:.:c.· :_~ _,:~:::.>.::.:.::.:: ·._, 
,.,.·'. .. r·.~---··\,~r L :.· .L ·',-·.·:.:·-).-, -~> . ~- _. . : ;--r.~-~ ~~; (" -:-:_r~. 

3 • e = ~J. 1 !-L2 • ---.: l;l-7 . 1Jr<5x-9x-8>c:7 =' 2? ~ 72b ~ c 

• ·,. ·.- : ~ \ :-- '; :-:;. •. ,. " > ~ • • • •• ,·-: .. , • 

4e :6/lJ-1, ·;- ~t- -.. t)f2ll3l-l;4•!•1-L? =~ 11X5X9x8x7x~= - 27,72~ 
··'· · ·· · e;~_2 , M~ .,. 1-L. 1 p. 3ll4 · ~··ll 7 = 1x5x9~ :g~:7~· 1 ·'- -"2,520 ,~ 

· '' e)~; ·· M
3 

= ~ 1 kl- 21-l4 ·· - ~l-17 = 1X11x9xsx1><1 ' · ·s,'s44 

6/~4 = M
41 

• - ~ , • .,, • • • - 1X 11X5x8x?:x1 J ,0~0 

O/~J.5 = M5 _~~ r •. • • • • 1x11xsx9x7x1 ·, 3,465 

e;I-L
6 

= M
6

, •• . s .. ., , • 1x11x5x9xsx1 · .. ·, '3,96-o 

e/l-1
7 

= M7 _= • .. . • • • • - 1x11x5x9x8x7 = ' 27, 72o 

N2 = M2 - Pzl-12 = 2,520 - 299X11 - 1 -

NJ = M3 - P3ll3 = 5,544 ":"' _1, 108X5 =4 
. ' ~ 

N4 = M4- P4ll4 = 3.,080 - )42X9 =2 

N5 = M5 - P5lls = 3,465 • < 43lX8 - 1 -

N6 = M6 - P61-L6 = 3,960 - 565X7 =5 
N7 = M7 ·- p7~J.7 = 27,720 - 27, 720X:f =0 

[Note- that' p.p.. is the largest possible nultiple of' 1-L· s:uch 
1 1 1 

that Ni is the SITk~ll~at non=negativa integer.] 
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6. a><O 1 (mud 1 ) , 1\ = 0 

bX·j 1 ·(mod 11)' b= f 
,, 

cx4 1 (mod 5 )'' c, = 4 

dX2 1 (mod 9), d= s · 
ex1 1 (mod 8), e = 1 

f'X5 1 (mod 7), f'.:_ 3 

gxo 1 (mOd ·f)' g = 0 
. 

7. · a 1 = aM1 = 0 

a 2 = bM2 = 2,520 

0:3 = ~ = 22~176 

0:4 = dM4 ~ 15,400 

• a 5 '' eM
5 

= 3',4'65 

cx:6 .... ·. fM6 = 11 '880 

~ = gM7 .:_ 0 

8. ~ 1 = a 1r 1 = 0 

~2 = a2r2 = 0 

{33 = a3r3 = 0 
' .. :. : . \ 

{3
4

- :.: .. cx
4

r
4 
~ 61 ~600 

' . 

--·- ·· · .': 13
5 

· ·-a~rs · .. 2a.,J-790 o.q · 

' . .i. 

~6 = cx6r6 = 0 

~7 .:.... . &7r~r .""" 0 

x = 61,600 + 20,790 = 82,390 , or 

x~ ' 82,390;..:, 2X27,720 = 26,950 

In Europe, the · f'irst.· treatmerit of' the reiik'l.inde.r 

problem 'i:h which the .mocluli . are not boprime in pairs was 

given by Lebc$:que•--in' 1859·•·- T.J. Stieltjes published _a pro-

:found article on it in 1890. In order to 0stablis l.·F the 

validity of' Ch
9
iri' s: method or s.olving the rem&inder: problem, 

Kurt Mahler wrote a pctper in '-f957 in .which he: ' proved, : the 

general :form -. o:f the Chinese~.~maincler 'theorem based on Ch' in's 
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method. This result states that the system .of linear 
j . t: : 

congruences x- r. (mod m.), i = 1, .2, ••• , . k, has integral 
1 1 ; . 

i ~ ;""i . "" 

solutions x if and only if g.c.d.(mi' mj) diV:ides _(ri- rj') 
. . ~ .·,cr . . 

for all pairs i, j (i ~ j). 
. ··:;-..r 

In India, Brahmaguptrc .(seventh .. century) and·· 
. . ; f: i '· 

Bhaskara (twelfth century) employed the kuttaka method to 
'-~ 

investigate the remainder problem. In the Ialam:j.c world, · 

Ibn al-Haitham also investigated this type of problem cmd he 

might have influencecl Leonardo Pisano of, Italy. After the 

thirteenth ceritury, there was not much further develop1:1ent 

on the subject in China, Inclia and the islamic wOrld, but 

from the fifteenth century ohwards, there was a marked 

increase in European research, which reached its apogee in 

the studies of Lagrange, Euler and Gauss. 
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a. ~1U 1~ 
~. ~li~ -~ 
c~ {:~ !~ 

d~ '''~ ~l '· '' ,. 
"· 1h t 1} x~:j· 

.... 

·_ Ql oaani>y 

' .. 

* * * * 

The advance of science is not. comparable to 

the change of a city, where o~d edifices are pitilessly 

torn dvwn to give place/ to new, but to the continuoos 

evcrlution of zoologic types which devel~ ceaselessly 

and end by becoming unre.cognizabl.e tJ the common sight., 

but. where an expert eye finds a~ways traces of the prior 

work of past centuries -. 

Henri Poincare. 
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