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The 1975 Inter-schov~ Mathematical Cumpetition . . 

probl.ems are reproduced belm·.. In Paper 1, an asterisk is 
! 

. '· 

m.:"Lrked after each correct answer. In Paper 2, solutions cC 
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, .. r 
11 ~oo aua~ 

(a) a rat~onal fraction; (b) a :finite decimal; (~. ) 1.41421; 

(d) an infinite repeating decirna~; (~)* an infinite non-
.1.. • \. 

repeating decima~. 
!.. ,. ' .. . 

2e. If n is a positive integ~r greater than or equal to 2 1 
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...._ h 2 ( 2 . .. '\ . . . 1 d . . . • b 1 .b : ___ en '1 _n - t; 1s a ways 1v1s1 e y · 

(a)'* 12·; (b) -24; (c) aey multip1e. of 12; (d) 12 - n; 

(e.) none- oi' the above. -

). In the figure.J AB =·-A.C, ang~e BAD = 30° and J.E -··c= JJ). 

Then.'?t equals 

(a) 7!0 i (b) 10°; (c) 12-l0
; (d)* 15°; (e) 20°. 

B 

4e The hypotenuse of a right angled triangle is 9cm. and 

the z:adius o~ ·the inscribed .circle is 1 :em. Tl;le perineter 

of the triangle in em is 

(a) f2; (b) 19; (c)* 20; (d) 24; (e) none of the above • 
. . 

5. In a circle with centre o, the chord .AB is produced 
- ... '' 

t .o C so· that BC equals the raclius of the circle. CO is 

drawn and extencled to meet the circl.ll!'..ference at D. AO is 

drawn. Which of the following statements is correct 
. ; . O · rt . 

whe~ L AOD ~ x ancl L aCO = y ? 

(a)* x = Jy; (b) x = 2y; (c) x = 60°; (d) :X= 2y or· 

x = Jy depending on the length of AB; (o) there is no 
\ 

special relationship between x and y. 

6. The centres o:f t.wo circles are i. ... 1 em apart.. The 
' 

radius of· the sm.:'l.ller circle is 4 en and that of' the ·lar-

t;er circle is 5 cmo The lenc;'lh of the comoon internal 

tangent is 

(a)~ 41 em; (b) 39 em; 'CcY 39.8 em; (e)* 40 em. 

7. The i,'uncti~n ~2 + px + q with p and q greater than 0 

has :tts.:GinimUJ!l value when .. 
(a) X= -p; (b) X= -2p; (c) X= p2/4q; (d) X= p/2; 

(e)* x = -p/ 2. 
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.). ThE} arithmetic mean (that is, the average) of the first 

n posJ. tive integers i~ , · 

: (a) n/2; (b) ~2/2; (c.) (n- 1)/2; (d)*(n + 1)/2; (e) n. 

9. On the same set of axes are drawn the graphs of 
2 ' 

y = ax + bx + c and the graph of the equation obtained 

by replacing x by -x in the given equation. If b -/:. 0 

and c;!:: o, these gr~phs intersect 

(a) in two points, one on the x-axis, ancl one on the y-axis; 

(b) in one point located on neither axis; 

(c) only at the origin; (d) in one point on the x-axis; 

(e)•in one point on the y-axis. 
. 2 

10. If the equation a:x + 2bx + c = 0 has t wo equal roots, 

then another true statement about aS' b, n is: 

(a)* they form a geometric progression; (b) they form an 

aritt~eti~ progression; (a)ti1ey a~~ -un~q~al. ; (d) -they 
~ 

are all. n~gative numbers; (e) only b is negative and the 

other two positive. 

11. Which of the following statements is true ? 

(a) The set of all rational numbers forms a group under 

muL" -'-::_-- Li.cation., (b) The set of all subsets of a set forms 
* ' ·. ' , . 

a group under uni?n (U) ,. (c) Tbre.. set of all positive inte-

gers does not form a group underriu~tiplicatiori. (d) The 

set { 0,1 l forms a group under multiplication~ (e) The 

·set of all integers form a group -under riultiplication. 

12. ·whicli of the following statements is fal.ae- ? 

(a) 6 is :hot a prillle number. (b) The equation 2 + X = 2 I 

* has no solution inN. (c) For all x, y; z E ?l, if 

x•z. =·y·z, then x = y. (d) For all m, n, pEN, if ' 

m -;- ·p __:_ n + p, then m = n. (e) Zero (0) is an integer. 

f3. The siim of the determinants gt, Ia 
h ' b 

6J 
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.- iSi . . , · ..... 

• 
(c) \2at2b' (a) 1: c+e+g+il • (b) 14a c+e+g+i ·~ . ·o+e+g+jl 

J ' d+:f+h+j 4b _d+:f+Il+j · 2a+2b d+:f+h+j 

' ' 

(d) lc+e g+i (e) 
.' . none of the above. , 

d+f' h+j 

14. The position vector of' A with respect to 0 is (2,5). 

If' AB = 20A, then the position vector of' B is . . 

·("a) (2,5); (b') (2,15); (c) (4,10); (d)* (6,15); (e) (8,20). 
' .• ·. 

15, The position ~ector of a moving point P at time t is 
~c· ) -- ~ c 2 · )-t · 3-+ · · --t ~ ... , · · 
S; t = 3 t.1. + t - 1 J + t k, where . 1 , ~ , k are rmi t vec-:-

~ors along the rec~~ngu~ar' axes Ox, Oy, Oz respectively. 

The ·:feloci ty vector at time t is 

. , 

(a)* 3f + 2tJ + )t.2k; (b) 3' + 2t + 3t2
; (c), 3* + 2t~!" + 3t

2*; 
. di 2 . d1 . 3dk . . . . 

(~) Jt.dt + (t - 1 )dt + t dt ; (e) none o:f the above. 
ll . . 2 tl. 3 

16. Let · s 1 ri.f r, s 2 ~1 r , and s3 ~f r • Then the sum 

Of' ' the :first n terns of' the sequem.oe { U l, Wl1ere r . 

u = (r2+ 2)(r + 3) is r 

(a) s 3+ Js 2 + 2s 1 + 3; (b) s
3

+ 3s 2 + 2s 1 + 3n; 

(d) 51 + 52 + s3; (d) si1; (e)* none . of the above. 

17. Let f'
1

, f
2

, :r
3

, r4 be functions ' such th.at f'
1
(x) .= f -x., 

f2(X) = : ·f: : X' f'J = X: 1 'a'nd f'4(x) X; 1. Then 

, 
the composite f

3
o :r4 equals 

(~) :r2_; (b) f'J -~; (c,) ~4 ; (d)* f 1; (e) none of the above. 

18 .. The sets A and B have 7 and 8 elements repeQtively. 
' . ·. '. 

If' their union has 10 elements, how many elel!lents do: A a!lcl 

B have in comc1on ? 
' :\. __ : ' '· . . 

(a) 3; (b) 2; (c) 1; (d) 5; (e) 

, ' . r ~L. 

none of the above. 
'·- - ' 

.. ) 

19o A population consisting of 2 types of individuals, A ~nd 
. ' 

B, is divided into 5 strata. An individual is selected 
j : 

from the popu~ation by rirst selecting at random a stratum 



. .. Ill 

and theJ;k -~ele.cttiltg an -individuaJJ at random from the stratum. 
,., 

If' Type A and Type B are eg_ual in number, wha:b · is the pro-

b~bility that an individual.beloriglng to Type .1-. 'wili be 

selected ? •, . . 

(a) 1/5; (b) 2/'5; (c) 1/10; (d) 3/10; (e)~ none of the 

· abov~. _.,: ''·· 

20. Which of' the :f:ollowi~g statements is inc-orrect ? 
., ;-:. 

(a) If' ~ is :a subset - pf B, 'theri the complement of'_ B is 
' :r- ' • ~ I • ' ' I . ' . ' 

a subset .. -of the: -complem{m.,t o1' :A. · (b) If' x-- and y &re both 

negative, then x:y is positive •. :(cYA f'tiiwtion f'roni .a set 

A into a set B tis a --rul:e -whicl{ ass~ciate~ 'each element of' 

A with a unique_ element. of' B." .. (~) A str-a-ight, lin~ and a 
:~·.:~ • .-. ..,:.~--~--~~---~--'-~~:::·. ···· ---·· '• -··············-·······. \ 4·. ~, ', \ : 

hir?ie---~-<\h have o, 1 0n 2 points in cocmon. (e)*If' x ~ o, 
. '! 

tben X~~ :x. 

21 • I:f" a ~ b and a'·~ b, tnen . 
:-'·· . 

(a) na'~ b2 ; (b) a + a'<~ ~b; - (c) a.. -
~· · :· ---~- -~_:_: ''t.: . ,_.. \ \_; ..... 

(e) no ne of the above. 
'. l 

. .. -

Wh:tolt ~of' the f'ollowing state-

.~ll-t:s is correct ? : -. ·: \ 

(a) a is a member: of' A. (b) The int~fseotion of' {al and 

- A- ·r-8'-\ [ al. (c) -{ a~bl is a ;:subset/' (iff A.· ( d}* J. "h.:~-~-\t 7 n~on-

empty subsets. (e) A. is a 2-element set. · 

23. Find _ the maxipum _value .o~:x1fx wher.e x ~ .P• -/ . ·. ,_ .- . . -- __ -_:; __ ...... 

(a)*e ~- :> ; (b,) >:(t/e)e; (c) :e 0
; (a) e; (e) none 

'· ·' 

of' the 
....... . 

above.., 
-- ~-- _/ _·._ ~ . - ... i _. ' 

24. A sequence is given by un un_1 + 8 and u 1 00 = 1 o._ . 

Then u is n ... r · . ·, 
. . . -. 

. (a) 1 00 -~ (b) 8; (c) 

25. Find J~:r: /x _ 1 

~ . ·,: ·' l, . 

8n - 790; (d) 

dx • 

u • 
n-1' 

(e) n- 90. 

(a) 2/5; (b) 2/J; (c)*16/f5; (d) 1; (e) none of' the above. 

.... 
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26. Huw n ,any functions t'rvm {a, b, cl into itself are 

there 'l 

(a) 9; (b)*_27; (c) 6; (d) 8; (e) none of the above. 

27. For what number base is 3 • 4 . 22 ? 

(a)*5; (b) 6; (~) 7; (d) 8; (e) 9 • 
. -.. :·, 

28. Let f(x) = sin(x2 ) and f
1
(x) its derivative. Find 

:r' (f'' (x)). 

(a) 2X cos(x2 ); (b) 4X cos {2x cos(x2
)}; 

I ' • 

(c) 8x2 {ccrs(x2 H cos2 (x2 ); (d) .{cos(x2-)1cos[2x cos(x2) ,I; 

(~)*none of the above. 

29. Find the limit of the sequence 
· .. 

,12, 12 + ,12 './2 + 12.,+,,12 '1:! +;~ +,il + ,12 . • 

(a.) /2; (b) 1i (c) J; (d)* 2; (e) none o:f the above. 

. 3 
30. Evaluate J1 1 ~-tx-2)4 dx. 

(a) 4/17; (b) 413; (c) 1; ~ (d} J; (e)*·none ·of' these. 

31 o Sum the series 1 1 1 
1•4•7 + 4•7.10 + 7•10•13 + •.•• 

,· 

••• 

(~) 1; (b) 1/14; (c) 1/2; (d)*t/24; (e) none of the~e. 
32. Find tan (2U/5). · · · 

(a) /5 -12'0 ; (b)* ~5 + /2cL; (c)v'3 + 4; (d)/5 +~ ; .· 

(e) none of these. 

33. P1ace three equ.al squ~. to _ e~. 1er .. as 

. ~J 
shown • 

Then ... ; 

(a:) 2{3 =a + y; (b) y = 2{3; (c) 2{3 = Ja; (d)*a + {3 = y; 

(e.) y = J~ • . , -- . .. 

;·, '· 
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34. How mttny pairs of' positive integers a,b are there such 

that. a2 
- b

2 ~. 72 ? 
. - i.·. • .• 

(a) 0~ (b)*· f ; (c) infiriftei'Y in.:'tny; .. (d) . ~; (e) none of 

these. 

35. Let a 1> 0 and a. = ~(a 1+ j ) W}lat. nunber dves c n n- an-1 
an approach ? 

(a) a1; (b) O· 
' 

(o)* 1; (d) an does ·· not approach any num-

ber; (e)_ none o~/~hese. 

36. Eva~uate · J ·: (11' _ x)2o ~ 2 d 
0 4 SJ.n X tx:. 

21 '1 1T k 21 1. 'IT k ' ' .1. 1 
(a)~f k (4) ; ~b) _O! (•)~ k f (4) + 1}; (d);., (~)2 ; 

(e) none nf' these. 
· .. . ; 

37. Let n be a positive integer • . Then the Tractidn 

(n + 9)2/(n + 3) is a. positive intee:;er 

(a) if n is a Ii!U~t--ip1e o.f' 3; (b) if' n is a multiple of' J 

nat more than 33; (c) if the values of' n form an arith

metic progression; (d) for exactly five (5) val1.1es of' n; 
I 

( ~) • none. of these • 

38. A .rirffie~'- has ereo~ecl an L-shape' :fence of' dimensions 
.···· '\)• f' 

60 metres by 2a ~tres,. If he ha:~:v· an;.· additional 120 metres 
. ' ' ~. ' r 

of:' fencing, wl1a"!i is the largest · passibl.e rect~ngular area 
.· .,.:; . . . ·'' ' 

he can enclose ? 
' ' ' 

(a) 1,~00 . sq • . m; (b)*2,.400 s'q. m; (e) 2,500 sq. m; 

· (d) 10,000 sq. m; (e) no~e of' these • 
. · 2 

39. rr 1 + 2 + 3 + ···+ k= n where n is less than 100, 

then k 

• (a) equa~s 1; (b} equals 1 or 8; (c) equals 8; (d) equals 

1, 8 or 49; (e) can take more than threq (3) values~ 

40. Let. f be a function defined on the -real line such 

that if' X ~ <l ;, 

i:f x E- Q0 
• 

f'(x) = 

67 
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.. : ~ 

· Then f is 

(a) continuous; _(b) co~tinuous only on Q.; {c) continuous 
,.I.•. • 

on~ crn Q0
; (d) continuous only at some points in Q0

; 

• (e) none of the above. 

• • • 

PaJ?.er _ 2 _ 

Man day, 2 J nne. 19 7 5 ,,: .. . - Tine 2.,00 Po.n. - 5 .,00 p~n, 
' ' 

is identically zer~ if y = 0 for all g iven va~ues of x. 
' ' 

SU:ppose that f is ~ fnnc.tion which is not identically 

zero, and that f satisfies 

. _; ..... ' 

f(x) + ~(z) . 2f(x;z)f(x;z). 

Prove: (i) f(O) = 1$ 

(ii.) f'(2x) = 2:f(x) 2 
....: f~ 

Give an example of such a function. 

2. Let C be a right circular cone with heiglit. /1 _, r 

and base radius r such that r <: f:. A spider crawling on 

the curved surface o:f C vri'shes to . take a.tlirh' ;round the 

cone and get. baclc to where it was c I:f it starts from a 
. 

point Pat a clistance "x f'roni 'the vertex, what ' is the 
.. 

shortest possible distance it can tra"'el ? 5uppose that, 

in taking the turn, the spider - ~ust pass ·throut;h the point 

an. the circumf'erence of the base which is furthest away 
' ' 

f'r~ P. _ Show that the shortest possible distance it can 

tra'Ya~ is 2 /1 - 2x cos (1rr) + x2
• · 

. \ 

'1 Wlk~t ~~ppens if' r ~ 2 ? 
. ·-,. - 2 2 

3. (a) Find J /a . -.A dx, 
x4 

. ;" 

{ ~ 

'- . 
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X 

(b) I:f n1 J t.ne.,..t.dt.; 
0 - -

prove <that 
• 

.-

-(Xn'!l-x)/n~ • 
. . . '"'··-

Hence :t or otherwise, evaluate the integral 

4• · (a:) -- If AB and' CD -are pe~pendi,q:t~lar diameters c:f a circle, 

pr<TV'e that · the -· area of' any inscribe_d -qtL:'"Ld.rilatera:L ACBB 
' ' . . 

i,. 

(see Figure) is equal to i CE2 • 
c 

A 

. ,I: 

(b) Prove that. the sum e:f the three perpendi1tUI.ru.g. · f"rom 

a p~irrt inside art equilateral triangle: te the sides is equal 

to tha altitude 0f the triangle • 

· 5.- 'Lo't a . -be the pr<;Jbabili ty that n _independent trials n -

with success probability p result in an even number of' sue-

cesses • . Express a in terms o:f panda 
1

• Show that; n _ n-

· an :_~{1 + (1- 2p)n}. 

6. Let a, b, c be .)dd integerse ,Prove that the routs (,:r 

the equation 

ax
2 + bx + c = o 

' cannot be rational numbers. 

7 ~ A right circular cone is circ~oribea to a sphere o~ 
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-~ ~ .. . ·' ' J 

radius a, with the base of the cone touching the spheree 

Find an expressi()n fur the voTUme of the C'Jne in terms of' 

a and the semi"""Vertical
1 

a~g~1e of -t;.he .. po_ne,. .and show that 
·-i. 

Nhen the volume vf' the cone is a minimum it is twice the 

8. A SQall ball is suspended f'rom a point A by a weight

.Less thread ·· o:f length t~ · 'A 11c1.i.l is driven into the wall 
..... -.--

at a distance 1/2 'vert'idaiiy below A. · The balL is drawn 

aside co 
~ .!'. . . ;~ '. 

that. the thread talces up a horizontal pvsi tion 
" 

and then releasedp 

(a) At what point . in · the bali's trajectcry will the 

tensivn o:f tht- ·thread disappear '? 

(b) What is the hfghest poir$ to which the ball will 
). 

rise ? 

(c) At what point will "(jhe .ball, :t:~ass \through ~the ver-
-·· .• ' .: ~- : . !~ . 

tical line passing :t,hr,o~gh the P9~n,t vf< f'U~peris·ion ? 
. ;. . ,::'·'· . . •.. . .. ·.. . 

9 ~ Three uni:fvrm smvoth cyl'inders:, each of radius a and 

"Ieight W, have their axes horizontal and par(!tllel. ';rwo 

o:f them'.'lie ' on a smvoth horizontal plane, not tvuching 
.. \· 

·· 1 ri.c b ~tr1ere The third lies symmetrically on tvp of th~m. 

not tou6hing the planeo Equilibrium is preserved by a 

light endless string, which passes around them. Prvve that 

the length ZZTa of string is in contact 'witll the cylinders· 

and hence prove that, if the length vf the string is 21Ta + 1, 

then 

6a < 1 < 8a. 

Prove that the tension in t i1e string is 

t W ( t . - 4a) //1 ( Sa - 1~ ) • 

70 



10+.. (a) Let. [x] 
- . 

denvte tfie gr~ates~ integ~r n~~ exceeding 
. . 

"the rea~ number x• For example, [3.9] = 3, [-1.14l = -2 

and [/2] = 1. Show that, i:f x is an integer and y not an 

integer, then [x- y] = x- 1 - [y]. Dves the equn.lity 

hcl.d if x and y are both integers ? 

(b) Let a and b be two positive integers and (a,b) 
i" ,··~ -: ... · ··.,, 

'"·-..... 

dencte the greatest commvn.,_ __ ~acto~ vf' a and b. Show that 

the vnly values of' k :for whic.h kc"t/b is an integer are t he 

mul ttples of b' v;here b = (a,b )b'. Further shvw that 

b...:.1 k 
ab - 2~1 [ ~~] = a + b - (a,b). 

11. Let. ' ~- denote t.he set o't ' all · residue 'chtsses.' of' 

integers ID(.d~lO ~ p, where p · is a prime number,. • 'Vlri t.e 
' ~·-. 

~ = {x1 , x 2 , ••• , ~1, Let u denvt.e a positive integer~ 

Show that 

(i) x~ + 7; + • • •+ x~ = -1 · (mod p), i:f u is a mul- . · 

tip~ or P - ·1. 

(ii) x~ ·+ x~- + 
multip~e of' p - 1. 

u •••+ X p 

.... 

0 ;(mod p) ~ if' U ' is not .. \a 

(Hint.: lt. is wel~-kncwn that the set uf all non-zer() 

residue classes of ~ forms a cyclic kroup under multip~i

cation._) 

+ 
The foll.owing two prGblems are considered more difficult 

and carry 15 points each in t h e Th'l.rl{ing . The. other problems 

carry 10 points each. 



. So1u-tions to Paper 2 
" .;·: 

1. By substituting ,x = z = 0 into the equation g,iyen, one 

gats ~(o) = (f'(O) ) 2 , so that 1'(0) - ~ o or :rCo) = h I:f 

i~(o) = o, the~ 2:f(x) ~ 2f(x)'•:r(o) . 0; implyfng r(x) = 0 

:Cor all x. Since f is . not identiddly. 'zero, one concludes· 

_-.. ' 0 that :r(o) 1. . ( ~- . 

...• _. 

Fig .. 1 
Fig.2 

Sl.i.ce tho c~ne along "the straiGht ~ine· ··oP {see Fig. 1 ) 
' ' . 

t.o get Fig. 2. P" is the point such tha't OP'= OP. The. 
="' . ,. . . . 

shortest path to travel. is t herefore PP which is equal 

to ?..x sin 1'll:'. If the spider must pass through the 

point. vn the circumference of the base ·vm.:i.&l is: f'urthetrt 
' · 

. ., -· t { . . 

a::wa;w from P, then the shortest distance is IQ + P Q which 
; ·, 

i s ~ ,/1 - 2X.f3o51Tr + x 2
, using the' cosine rul.e of' a triangle. 

I:f r ~ i, then POP' :forrtS an angle greater tl'L:"tn or equal 

·i;o 180°, so that the sh•,rtest possible distance. will~ ibe 

;~ x" ,-. The- shortest distance required in the qther case,. 
. ·~ 

howevel:J/ rem.:'l.ins the same (see Fig. 3). 

.. -· ·····--·· 
. ,- ~ . 

( 
\ 
\ 

.. ·-·-\ - --
\ 
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C.;r.rplet.e solutions were given by Chan H.Jck 

Chunn, Teo Siong Khow, Chua Yong Heng, ~ ,Chiew 'Junn 

C~iong. 

4. Let ,A..-q, and BS intersect EC perpendicularly at p:>ints 

R and S respectively-. Then 6 ARC is congruent. t0 6 BCS, 

so that BS =-RC. Nvw6 .AER is isosce~es~ so that AR = RE • 
...._ 

Henc:e BS + AR = ER +· ·RC = EC• = k:;t. ·the quadrilateral ACBE 

is equal. in area to · area L\AEC + area 6BEC. The :ire a o:f · 

the sug of these two triangles is~ (AR + BS)•EC =-~ EC2• 

Complete sv~utivns were ' giv~n by W0ng Chee 

Tecl{, Eugel·Yeo, _Stephen Low Sian(; Kwang, Te• S~ong Khow, 

Chew Tuan Chivng, Tay Yong Chiang, 'V!ung Y~e Kah, Wong 

Kwok Kwong, Tan Chee Mun and Lee Soon Pue • 
..... 

~- Cdnsider n independent tr,ials. Let . .A be the event 

that the :first trial is success:ful., B the event that there 
I 

are an ~o~dd number o:f suc.cesse's after the _first trial, and 

C the event. that there are an even number of successes 

after t.~1e f'irst tria~.. Then 

a. =- P(A n B) + P(A0 n C), 
n ' . . . 

which by independence is . equal .to. 

P(A)•P(B) + P(Ac)•P(C) 

p( 1 - ~n-1) + ( 1 - p)an-1 

p + (1 - 2p)a 
1

• n-

Solving t11:e recursive equ~:ti~n, . we obtain 

~ = P + ( 1 - 2p )p +. ( 1 - 2p ) 2 p + • • • + ( f - 2p )n-2 p 

( )n-1 + f - 2p q1' 

. a1 = 1 - p being tile proba~ility of o?ta.ining 

an even number of', ancl therefore zero, successes. Hence 

n-1 
3:

11 
•· P • ~ ( f - 2p )k + ( f - 2p )n 

7'J 

1' =-2 

.·}. 



----------------------------------~-------- -----

6~ Suppose th.at ax?_, +i b::t(+ · c = o' has a 'i'b:'tiona~ root 

p/q with ·:P 'iind"fr reiri:t.ively pr1fine •. Theri - · -

2 

a(~~ + b(ll) + Q = 0 
. q , _ 

sa tha:t 
,-- 2 ' 2 
ap + bpq + c~ = o. 

•, . 

Case ( i). Ir both p and q a~e odd then ttiJ~+ bpft ·+ cq 2 
'• j , ' I ' 

is also odcl and therefore c!"~not be zero. 
'· :·.· ; ,,, ~. ··.f ,. 

Case (ii). I:f vne of' p and q is even, then two o:f the 
. .._, 

2 2 
terms aP. P bp9: 1 c-9: ~- are .:even ancl the third term is oclcl. _ 

This le.acls to the same contradiction as in case (i). 
. ; ~ ; : ~ ' 

C~rn:Ql~t~ solutio;ns were given by fsai Wei 

KanG and Siew Che-e .Kin. 

8. The bal~ first describes 

'the, quadt>ant of' the C·ire1e of' 

rLdius 1· ~ · J:..:fter ' touching 'fihe 

nail o, ihe ball: d'escribes p;J:l 

arc of a circ~e of' radius 1/2~· 

Tension is zero when centri-

A i 

t/2 

peda~ :force ba~ances the effec£. of' ,weigl1tt. : Let M be tha 

position of the bal~ at. whidt - tensiort·is) zero~ rt1 the mass 
. ,. 

o:f the ball.. TI1~n mg cos 0t i 's· the Jcompun~rit of" the "Yeight 

along the thread. Veloc~t.y acquired a-t.M, den6ted v, then 

satisfies 

g1(1 

·- 2 ' - . • . ,.. .... ' 
Thus· V:l - -2mg( 1 - costt), so that at point M~ 

. , IDg . cos.O: -:_ 2mt;( ~ --:-- co·sa.) 9 giying .90-SO: = f • 
This def''iries the position of' M. Th~ bal~ cont-:inileS' -',: 

i t o path as a body thrown at ,.an a!lg~e ex :to the horipontal 
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with initia~ velocity v = l2gh .. ltg/':l. Tha highest point. 
. • . .• ': •.,> .. ,.: '"."'2 " . 

H is attained when 2gH = (vsi~) , giving H = S"t/54. 

The segn:ent MB is calcu1ated 't,? be equal t4 · t ~ 
To trave~ this distance, "the tme t required is~· {ffl"/4)(/i7E). 

Then the vertical distan~~ travelled by the ball within 
. . ~-' 51 ' . ' ' 21 ' . 

this time is vt sin <1. - _2 ~- 96' 1..e. 96 beluw B. 

Complete solutions vf this problem were given by 

Roni't~d ·Tan ·uee Huan, Chew;· Cne.a.h Boon and Terence Siew cw~e 

Kin. · 

10. (a) If' y · is not an integer, "then y = [yr] + ex = 
[ y] + 1 - ( 1 - ex) where- 0 < a < 1 and so 0 < ( 1 - a.) < 1 • 

Therefore if x · is ·an . inte'i;er and y not. an integer, we hc1.ve 

(X - y J'. [x - . 1' - [y) + ( f - «<.)) = X - 1 [y]. i . \ . 

If b~th x and y are· integers ttien [x - y] ;_ x - y = 

X - (y] • 

(b) Sinc..e a. = (a,b)a' and b = (a,b)b', we have 

' ka..=-~ 
b b 

Therefore kc~b is an integer if' and only if b' divides 

ka' tt and onl.y ~f b' .divicles k, i.e~ k is: a . multip~e or b', 

by virtue of' (at , b t ) = 1 • · . 

Tm prove the i~entity, write [~] = [a - (b~k)aJ.: 
For 1 ~ k~b·1, there are exactly (a,b) - - 1 :rnanyk's 

f0r which k is a rnu1tip1e or.Q' , and so ·~ 

Therefore [ ~] = a - 1 -:-- ( (b-Jda] . excep-t 

t rk.:'t] _ . - [ (b..;k)a] 
:raarcy: k s for whic~l Ll) - a - b • 

·' 

is an integer. 

for (a,b) - f 

So 

b-1 
~1 {a ~- · 1 [(b i) lc:)a]l + (a,b}- ·1 

.. 
-·· 
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- ~- ... 

I I 

= (,._ -. 1 . )(it- 1 (---~~ [ (bt)aJ + ' {a~b) - 1 

' b-1 ·-_. :. 

L . ·_;. j:··. 

:- ab ; a. - . b + (a, b) - ~ J ~ l· 
.::-:-· This proves the identity. 

{r~ ' · (i) Since the setr of all non:-zero .residue c1asse.s o:r 

~ :fo~ a ~up unde~_ multip~_ication, we have ; ~ 

xP-1 = 1 (mod p), 
n , 

Lat u_ = (p-1 )v. Then 

(moo ~). 

u u u 
Hen_: ce x 1 _+ x 2 + ••• + x = 0 + 1 + 1 + p 

• • • 

= p - 1 (mod p) 

= -1 (mod p). 

+ f 

(ii.) First note that. the set of a11 non-zero resiclue 

e~sses of' ~ furms. . a. cyc1i.c grvup. Let xm be a generator 
. .;, • ,i 

of this group• Then if. u is not a multip1e of p- 1~ 

r is not a f'ac:tor of x~ - 1, so that. 

(•) x~ ¥. 1 (mod p). 
. u ,.. u . -- u u u u u 

Write S · x1 + • • • + xp• Tt~en _xm S .= y 1 + • • • + xrnxp 

(x x )u + • ~ • + (x x )u. But x x1 , ' •• • x x are a.11 the. m'f · · mp · m . mp 

. distinct elements_ o_:r ?L_ . (r_ or ±r not, one has x x1 = x x. 
-~ . m: niJ 

(mod p) :fur some i -/; j. Mul.tiplying by the inverse o:f x . . :_ ,_; . n 

on both sides of _ this equ~~i~ll ,_J;i:ves xi; = ~j (~od p), 

which is a cont~adict~on). Ther~:fo~e ~x1 , • • ·, xJ.D.~P is. 

Hence 

u·- - ( ) --~S=S mvdp, . . , 

ic.e.. (xu - 1) S . '""0 (mod p), implying that is a f'aetor m . p 

of (xu-. 1) s. Bu~ p is a p~ime number~ so p dividQs m . . ,_. ' . _. ___ , ___ :.: .. 

xu- 1 or s. Because of (•), p has. t.o divide ;-:8, i.e. 
I1 

S = 0 (mad p) as req ufred. 
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There. were five attempts to solve this / problem. 

Two students - ~ee Jtu~y Guan arid Teo Si~ng Khow - obtained 

partial. resul.ts, bu:t no one received full. credit for part (ii) ~ 

The s·rnall nu.rnber· Qf students attemptinG this probl.em is 

~~o~,ably d~. t(') the f~ct that not to.<!1 many schools use the 

new syl1abus. In fact the five attempts were from students 

o.:: _,fiV:e differ~nt schools, suggesting that they were indi

vidual efforts • 

.A tetter ; tq the Editor 

• ., • I suggest that ,_ there should be a col.wnn for . . 

queries, by practising f;3Ch<;ol teachers. Thro~g this ccrl.unm. 

they may ask :for 

{i) metnoda. ~n how to teach a certain topic; 
. '· . : .. : : ·. r .~ ~ 

,(ii) s?l.utions to a pJ:>obl.em. which the teacher 

hc"ts fail.ed to sol.ve. 

Then readers. of the··-Med1ey m:'ly ccme t .o the 

rescue. I:r there is such a column, a copy of the Medley

should be sent to the Principals of - '~oondaey School.s. In 

this way we hope that more teachers will. partic.ipate in the 

activities of the Society. 

I shoul.d like to add a short note to the book 

rev::.ow by Ho ·soo Thone· (th.is Mecll.~~' V~e.3, Nn.1) ar 
• Statistica.l Ma,thematics' · by Rit ' ~-aveday. The boolct.s answer 

to:; Miscell.a.neous· Exercise No. 19, pat;e 86, is wrollb• In 

other words, I •'( 'i.'' 

,, : , n f + 2n2 . 

. ' i :p.1 + 2n2 

[e-(n1+2n2)(n1+2n2)5]/5! 
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