
Prvblems and Solutions 

A book-vouchei-' prize will be awarded to the 

best solu~ion o.f a st.arred problem. Only solutions from 

Junior Members and received be:fore 31 October 1975 will be 

considered f'or the prizes. More than one solution n1.y be 

submitted. If equally good solutions are received, the. 

prize or ' prizes \vill be awarded to the solution or solu-
.. t •• ; ' • • ~ ' . 

I : ' 

tions sent with the earliest. postnarlc.. In the case o:f 
' ' 

identical postmarks, the winning sol uti on will be decided. 

by ballot., 

.i.. 
.~oblems or solutions . shoulct be . sent to 

Dro Y. K .. Leong,. Depa.I,'tiQ,ept of Mathemati9s, Vniversity of' 
. . . . . . . '·+ • 

Singapore, Singapore 1 o.. \<11henever possible, please subh1it 

a problem t(J,d.~~her with ~ ~s. solution. · 
~:; 

* ., P4/75. (c:r.. Ques:tion 2·, Paper z, Inter-

School Mathematical. Oomp.etiti.on · 1975) ·Let A and B be two 

points inside a circle such ;that they are equidistant from . ~ ,. . 

the centre of the circle. Find a point P on the eire~-

:ference of the circle such that AP + BP is ninimum. Is 

·;:;he point p unique '? 
;- I 

Calculate the" minimum value of 

lJ.P + BP. 

(Louis H. Y.' Chen) 

(· ) ., 

*ps/75. If a and~ are real numbers, prove 

that 

:'·_\ '. 

(Stephen T. L. Choy) 
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* ,/ F6t75 • . I:f n is a positive integer, prove 

tha.t 
1 

2(n!) 2 • 

(via Y. K. Leont;) 

.30lut i ons to 1'1 .... PJ/75 

1?1/75. If' n and p are positive integers, 

'1. ' ( . )n ,~ how that (np). ' (n .. p~ ) is an integer. 

' 
( Chc'tn Sing Chun) 

So1ution by Proposer. The number o:f ways o:f 

distributinG np unl.ike. ·objects into n groups, whi~h are 

linearly ordered and which contain p objec.t:s each, is 

• 

If' no regard is paid to the order o:f the n 

c roups, the number o:f different distributions is 

(np) !/( (p! )nn!), 

·.rhtch mUst be an integer. 

prove that 

matriXo 

"'P2/7S. If' A and B arc any two nxn natrices, 

AB - BA /:. I , where I is the nxn identity n n 

(P. H. Dianancla) 

Solution,. Let A= (a .. ), B =(b .. ). 
·. _, 1J • 1J 

Con-
; 

s icler the trace of a matrix, i.e. the sum o:f the d iag onal 
n 

entries. Since AB =(~ aikbkj), the trace of LB is 
n n 
j~ ~ ajkbkj' which is alscr the trace of DA., Hence 
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..... lo t:r·aee o£ .A.B - BA is zero. But the trace of I is n > o • 
n 

Theref'ore AB .,... BA 1=: I 
n 

*PJ/75. Let a, b, c., d, e be. any real mrnbers 

and d ;l Oo l?rove that the equation 

x:
3 + (a .+ b + c)x2 +. (ab + be + ca - d

2 )x + e = 0 

hc'tS: at ~east two distinct roots.- · : 

(H. N. Ng) 

Solution by Proposer. ~ssume that the equation 

cl0es not have clistinct roots. Since a polynomial o:f degree 

3 has at least one rea~ root, . we must then have 

x3 + (a + b + c)x2 + (ab + be + ca - d?) + e = (x - u) 3 

for sGme real number u. Conparing ~oeffi'cient's, we have 

-Ju = a + b + c 

Ju2 = ab + be + ca c1
2 

.• 

Hence (a + h + c) 2 

a? + b~ + .<? .- ab ...., be - ca. + 3d
2 = o, so that 

-t'[;( )2 + c- · . )2 'c ' )2]' + 3d2 'o 2 a - b b - c + c - a = . 
This is impossib~e since d i o. Hence the 

eq_uation must have distinct roots • 

... 
P6/74. If' x, y, k are positive numbers with . . 

x: l y, k\> 1 5 prove that 
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Rolution by Chan Sing Chnn. (i) We. have( 

k(k-1 )(x-y)2 >o, i.e. lc(k-1)(x2 +y2 - · 2xy)>o~ 

":!e Inc1.Y rewrite this as 

(k + 1) (lex? + 2xy + ky2 ) > 2(kx2 + Icy-2 + x:y + 1{2 xy), 

or (lc + 1)(x(y + kx) + y(x + ky)) > 2(x + ky)(y +lor). 

Dividing by (lc + 1) (x + ky) (y + kx) gives 

the desired inequality. 
' . 

r ·, (ii) ~.:le have (k- 1 _ )(x- y) 2 > o, i.e. 

(1~ 1) (x2 + y
2 - 2xy) > 0. Rewrite this as 

,· ·--

. :4(Icr2 + ky
2 + (1~2 + 1 )A.-y) > (lr + 1)(x2 + y

2 + 2kxy), 

or 2 ( x + ley)( y + la\) . > ( k + 1 ) ( x ( x + ky) + y (y + lo::) ) • 

D:tvic1ing by (lc + 1 )(x + lcy)(y + kx) gives 

the desired result. 

P10/74o ... Twe~ve matches, each of' unit length, 

) ~ . '. 

. :f,orm the :figure of a cross as shown. Rearrange the :matches 

in such a way as to cover .;:tn area of :four square units. 

A solution ha~ been given in this Medley, 

Vo:~.3t' No~1, .h.pril 1975, p.13. An interes.Ding alternative 

solution has been received i'rorn TayYong Chiang of' Raf'f'les 

·::nsti tution. 

r-J_ 
~.---(\ 

(Fr~ 1 Fig~es for Fun' by Ya. 

:Perelman) 
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So1ution by Tay Yong Chiang 
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