
TFACHING NOTFS 

The orovin1 of Cayley's theorem at Further Mathematics level 

Oey Lian.r: Hien 

Ubdou">terUy one of the harrlest theorem to prove in 17f" H 

leva·~ ~Y,~tSJPlf~ qf. Fur~l1~f, M~tll~m~1Jg~ is Cayley's theorem in 

r;roup theory : "T'very finite fTroup of order n is isomor~hic to 

a permutation rrroup on n symhols." This poses to teachers who 

must teach the theorem at pre-unive~sity level a challenrre to 

~a~e their students understand it and its proof on the spot 

without much ~ifficultv. 

In this article, I like to present a method of proof 

\vhich J think is the most sui table one at this level. In 

choosin~ a suitable ~ethod of proof. I have been ~ui~ed by 

the followina points 

(1) Students are>in ~eneral, weak in abstract concepts. 

( 2) ~ro use should be made of concepts r~1hich are not in the 

syllabus. (For examnle, the proof Riven by J. ~. Green 

[ 1] is not sui table as it rnakes use of the homomorphism 

theorem.) 

(3) It is preferable to have a lon~ hut intelli~ible proof 

rather than a short ,ut difficult proof. Students are 

quite prepared to follow a lonrr chain of carefully 

reasoner1 steps. 

Thus, to overcome the ahstractness of whatever oroof we 

oreseltit, He could first make thP oroof more '"concrete,. r·y 

provin" the theorem for one particular case before Pivin~ the 

"eneral proof. I estimate that should I prove it Penerally 

at once, about 20 oer cent of the students would understand it 

whereas if I prove a oarticular case and then ~eneralize, 85 

to 90 ner cent woul~ understand it. 

This method of ')roof is ,.,.iven by Frank .'\yres, LTr [ 2 ] 

~oreover, in this proof there is only one sten w~ich is not 

easily unc1erstoorl l;y sturlents : if G = { g 1 ,g 2
, ... ,gJ is 

a ~roup with respect to the operation * and p. is the 
J 

permutation 
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( gl 
g2 

gn::j) P· = J .. • .. a g2,~:g-; gl"b' l 

r-.1here gj f G, then Pj can also be Hri tten as 

( ) . 
··~~ ... g2 .. g, .. g. 

J( J 

for any ~1ven gk in~. 

To convince students, we first r1ve 0 an examnle to show 

that in the expression of a permutation~ the orcterina of the 

columns lS not important : 

c 2 3 4 : ) ( 
2 3 5 4 

~) (: 1 3 2 5 ) = = etc. ' 4 5 3 4 5 1 3 2 5 4 1 

Next, \•7e point out tha.t the columns and rm,rs of a group 

multiplication table satisfy the Latin square ryroperty. That 

is, each ror1J (or column) contains all the elements of the group 

without repetition 

'6~ g 
1 g2 . . gk . gn 

gl gl~·:gk 

a g2~-:gk v:z 

These two ohservations will convince the stui~nts of t~e 
... "'\ 

vaiinity of the second exuression for u .. 
~ J 

Let us verifv Cayleyjs t~eore~ in the cas~ of a ?ar

ticular ~roup G with the followin~ multiplication table 
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* ~1 g2 173 I:Iq Ps :6 

gl ~1 " CT g4 g5 g6 1· 2 ,_ 3 

g2 g2 gl r:5 g6 f3 g4 

g3 g3 a " r-;;5 g4 ~ 
'' 6 t; l '' 2 

g4 g4 g 
5 

(7 gl 132 g3 'JG 

g5 g 
5 g4 g2 g3 g6 gl 

g6 g6 g3 gg. r:2 (T 

L.J l 
I'"!' .::' 5 

Usin~ the previous notations, define 

= 

. Or write it simply as 

p
5 

= (156) C234) 

Thus we have the permutations 

T)3 = (13) (25) (46) 

p
5 

= (156) (234) 

p2 = (12) (36) (45) 

D4 = (14) (26) (35) 

p 6 = Cl65) (243) 

Form the~multiplication table of the set F = { p 1 ,p 2 ,p 3 ,p 4 ,p 5 ,p6} 

unrler comT)osition of oermutations 
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pl p2 p3 p4 D 
' 5 p6 

pl pl p2 p3 p4 Ps p6 

D2 p2 pl Ps p6 p3 D ' 4 

p3 p3 p6 p 
1 Ps p4 p2 

p4 p4 Ps p6 pl p2 p3 

Ps Ps p4 p2 p3 p6 pl 

p6 p6 p3 p4 Pq pl Ps 
-, 

Thus p forms a ;:Iroup under composition. 

Define the • CL mapp1ng fr'em G to p by 

a(r;i) = P· i ... 1,2, ... ,6 
l ' 

. . . . . . . -~ . -- .: 1 .... : -- ' . 

If ~JH b~ easily s~en from the table that a is one-to-one 

and onto, and also preserves the binary operations. Hence 

G is isomorphic to P. 

We now proceed to g1ve the general proof of Cayley's 

theorem. 

Let G ·- {g1 ,g?, ... ,g } be a group under the operation :•, 
- n 

For each 1 = 1,2, ... ,n, rlefine the permutation 

which we simply write as 

p. = 
J 

Note that P.; is a permutation on the n elements of G s1nce 
..! 

the elements in the second row occur 1n one column of a 

multiplication ta~le of G and hence run throu~h all the 

elements of G. vJe nov.1 shatv that the set 



is a permutatio~ ~roup on n symbols. 

Let pj,pk £ G . Then 

I gi ) ( 
g ..• ) l 

Pj oPk = 0 l g. •g. g. i:gk l J l .. 

0 

( 

g . *8· 
l J 

(gi ;';gj ) -~gk 

h y the remark Mentione d earli e r
3 

= 
( 

g. ) l 

f .. - '· .. 

(g-: 1:g~ ;1; g~ 
l J ' 

= 

'by the assoc·:t:a:t:i 'iit:y of ~·: 

= = 

where gj*gk = g~ for some g~ £ G. F~nce P is closed under 
composition. 

( 

giC)omposition is associative and the identity 

( 
gi ) lS ( gi ) 

rr . 
. ' l 

The inverse of 

g.~':f];. gd':g-:-1 
l J l J 
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0 

= = 

Similarly, 

0 

( 

g. ) l 

-·1 
gi \': ( gj 1~gj ) 

= (::) 

Thus P 1s a ?roup unrter the operation of composition. 

Define the mapnin~ a from G to P such that 

a('"':.)= P· , i = 1,2, ... ,n. 
'l l 

Moreover, a is clearly one-to-one. To show that a preserves 

the groun operations, we have 

= 

= ( gi ) 

g ' ( rr """" 0' ) i · br"~.:<-s 1 

= 

= ~ ( g ~·~g ) . r s 

Renee a lS an ~somorphis~ from G onto F . 

I vwuld like to mention that J trie.-l this method on 
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my stu1ents at the National Junior College with satisfying 

results . 
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