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t--------- Solution 
by Tan Weiyu, Colin - Raffies Junior College 

"0 . 

§ .~ Let s1 be a given positive rational number. We can assume without loss of generality that 
OJ 

:g ~ 0 < s1 < 1, because if say s1 = n + s; where n is a positive integer and 0 :'5: s; < 1, then 
OJ til 
"Of- 1 1 1 1 ' ' ' ' 
s:: s:: S 1 =-+-+--+···+-+s1• If s1 =0, then weare done; if s1 >0, then s1 is 
~:= 1 1.1 1.1.1. 1n 
OJ 0 -g ~ expressible as a finite series satisfying the given conditions implies s1 is expressible in 
- ::=: the same manner too. 
0 5 
_g ~ 
u OJ a 
rJ) ·~ Write s1 = - 1 where a1 and b1 are coprime positive integers with a 1 < b1• By a variant 
OJ 0.. bl 
[/) OJ 

.~ t: of the division algorithm, there exists unique positive integers a and 13 satisfying 
0 ~ b1 =a a 1 + {J, 0 < fJ :'5: a 1• Then set p 1 =a+ 1 > 1, so we have (p1 -1)a1 < b1 :'5: p 1a 1• 

0 8' "'Sl = Thus a 1p 1 -b1 < a1 and a 1p 1 - b1 ~ 0. 
s:: 0 
<:() 
~I.. 

c5 ·~ Let s2 = p 1(s1 --
1
-J= p1 (~-_!_J= a1p 1 -b1 >0. If s2 = Othen we are done, as we 

·- "" PI bl PI bl 
~g' 
~ _g have s1 = __!_. Otherwise, s2 > 0, and writing s2 = !!.1.._ where a 2 and b2 are coprime 
E- ~ PI b2 - ~ 
OJ :I:: positive integers with a 2 < b2 , we can find a unique positive integer p 2 > 1 such that 0~ 
~-- b 
B.~ a 2 p 2 -b2 <a2 and a 2 p 2 -b2 ~0, as before. But s2 =!!.l_=a1p 1

-
1 implies 

0 ..s:: b2 bl 
rt:JN 

CB:§ bz(aipi-bi) I I( b). db -o s:: b1 = EN, so a 2 b2 (a1p 1 -b1), thus a 2 a 1p 1 - 1 smcea2 an 2 are 
OJ ·- az >.2: 
- til ~ u coprime. From this, we conclude that a 2 :'5: a 1 p1 - b1 < a 1 , so the numerator of s2 is strictly 

aipi -bi ai smaller than the numerator of s1• Also note that s2 = <- = s1, then p 2 ~ p 1, 

bl bl 
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clear contradiction. 

Again, let s, = p 2( s,- ;,);, 0. If s, = 0, then we are done as 

1 Sz 1 1 0 h . "f 0 . h . s1 =-+-=-+ --. t erw1se 1 s3 > , we contmue t e process, gettmg a 
PI PI PI PJP2 

a a 2 a 
sequence s1 = b: , s2 = h;, s3 = b: , ... where a 1 :> a 2 > a 3 > · · ·. But this sequence is 

finite and since all the a; 's are positive integers, there must exist a positive integer k such 

that ak = 1. This implies s k+I = 0, so the process ends and we have 

1 1 1 1 
si =-+--+ + ... +----

PI P1P2 P1P2P3 P1P2 ··· Pk 

______ .....,.,__....,E~d~ii~o"'r .. 'si.OnJ.I.lo~tw.we: This problem can also be solved elegantly by induction: 

Let m be any given positive integer. For every positive integer n, let P(n) denote the 

statement that : can be expressed as a finite series in the required form with p 1 =I: l 
It suffices to prove that P(n) is true for all n E N by induction on n. For n = 1, P(l) is 
clearly true. Assume that P(n) is true for 1::; n::; f, where f ~ 1. For n = f + 1, we have 

m = (f + 1)q- r, where q = r ~l and 0::; r::; f. If r = 0, then f + 
1 

= _! and we are 
lt+1 m q 

done. If 1::; r::; f, then by induction hypothesis, P(r) is true. Hence, 

f + 1 = _! + _! (!_) 
m q q m 

1 1(1 1 1 J 
= q + q q;+ qlq2 +···+ q]q2 ···q, 

1 1 1 1 
=-+--+ +···+----

PI P1P2 P1PzP3 P1P2 ··· Pk 

where k = t + 1E N, p 1 = q, p 2 = ql' jJ3 = q 2 , ... , pk = q,. Also, ~::; m implies that 
f +1 r 

and the proof is complete. M 
~f-. -1)>~ 

!t., :35 ~ 

t I t 
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1--------- Solution 
by Caltli.n l.in Zhiwei - Hwa Chong Junior College 

We can easily check that n = 2, 3, 5 and 7 are solutions. For larger values of n, consider 
n-4. 

If n - 4 contains a prime p larger than 3, then n -l : J p ~ 4, which is a square factor. 

Hence, the prime factorization of n- 4 does not contain any prime larger than 3. As 

n- 4 is odd, n- 4 = 3k for some integer value k. 

Consider n- 9 ~ 3' -5. If n- 9 contains a prime larger than 7, n -l; J p ~ 9, which is a 

square factor. Hence, the prime factorization of n- 9 contains only 2, 3, 5 and 7. Since 
3k -5 is clearly not divisible by 3 nor 5, n- 9 = 3k -5 = 2x7 Y for some integer values x 
andy. 

Considering the equation modulo 8, 3k -5 = 3k + 3 = 6 or 4(mod 8). Thus, x = 1 or 2. If 

x = 1, considering modulo 3, 3k -5 = 2x 7 Y <=> 1 = ( -l)(l)Y (mod 3). Since the 

congruence on the right side would never be true, x = 1 leads to no solutions. If x = 2, 
considering modulo 4, 3k -5 = 4 x 7 Y <=> 1( -l)k -1 = 0 (mod 4) implies that k is even. 

Set k = 2j, then by considering modulo 7, if y ~ 1, 9j -5 = 4 x 7 Y <=> 2 j = 5 (mod 7). 

Since 2a = 2, 4 or 1(mod 7), there are no solutions if y ~ 1. If x = 2, y = 0, then n = 13. 

A quick check shows that this is also a solution. Thus, the only solutions are n = 2, 3, 5, 
7 and 13. 

------+-...... ~w.w~..~.U~~~ Solved also by Meng Dazhe (Raffles Junior College). The prize went to 
· · · ... Calvin Lin Zhiwei. 


