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The “Triangle” written in the (a) modern form, (b) Omar Khayyam’s form,

(c) Shih-Chieh Chu’s form, and (d) Blaise Pascal’s form.
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(a) Fibonacci’s sequence from summation of Pascal’s Triangle numbers along the
shallow diagonal;

(b) Triangular numbers along r = 2; and

(¢) Square numbers from addition of two neighboring numbers along r = 2.

The Pascal’s Triangle is interesting, and can be related to polygonal numbers and
Sierpinski’s fractal triangle. Literature on Pascal’s Triangle is too numerous to be
given as a complete list. Interested readers are referred to the following abridged
references:

(i) Extension of Pascal’s Triangle [5,6];
(ii) Relating Pascal’s Triangle with number sequences [7-9;
(iii) Relating Pascal’s Triangle with arithmetic, combinatoric, algebra and geome-
try [10-12]; and
(iv) Relating Pascal’s Triangle with trigonometry [13,14].

In an attempt to interest readers, some elementary arithmetic operations were fur-
nished in order to display number patterns [15]. As an extension to the previous
article [15], we explore the occurrence of Pascal’s Triangle in the finite difference
solution to a class of partial differentials.

2. Pascal’s Triangle in Difference Equations
Observe now the forward difference and backward difference forms to the partial
differential %%% shown in Tables 1 and 2.

Table 1 Forward difference equations of partial differentials.

Partial . .
n differential Forward difference equat.:lons
1¢i
0 ¢‘i - (5$)0
5 b 1¢it1 — 19
o (6z)!
2 i 1¢ir2 — 2¢i41 + 19
8z (0z)2
3 Foi 1013 — 3pito + 3dit1 — 19
ox3 (0z)3
4 g 1¢itq — 4Pit3 + 6¢it2 — 4¢it1 + 19
8r* (0z)4
5 ¢i _ 1¢its — 5¢ita + 10¢ir3 — 104y + 5¢it1 — 19
0x5 (0x)®




Table 2 Backward difference equations of partial differentials.

n d?ffa‘::cie?nlti al Backward difference equations
e 1¢i

0 ¢'l = (51.)0

1 0¢i _ 1¢i — 1¢i—1
ar (6x)!

2 ¢ 1¢; — 201 + 1¢; 2
o2 (6z)2

3 P 1¢; — 3¢i—1 + 3¢i2 — 1¢;_3
or3 (6z)3

4 e, 1¢; — 4di—1 + 62 — 4¢3+ 1¢i4
ozt (0z)*

5 P¢;  1¢i —5¢i1+10¢;_3 — 10¢;_3 + 5¢i_4 — 1¢is5
BB T 6o

Each of these equations of order n is obtained by taking difference from difference
equations of order (n — 1). As such, deriving FD solution to high order PDE in the
usual way can be time consuming. One may observe that the FD coefficients in the
numerator possess the same magnitude as elements on the Pascal’s Triangle, whereby
each row n of the Pascal’s Triangle correspond to the order n of the PDE, and every
element 7 on the same row in Pascal’s Triangle corresponds to the magnitude of the
FD coefficients. This suggests that one may write down the FD solution to PDE
using Pascal’s Triangle as a guide, hence saving time and effort. Two discrepancies
are observed, however:

(i) The coefficients have alternating signs as r increases from 0 to n; and
(ii) There exists a factor of ()™ in the FD equation corresponding to PDE of
order n.

Since Pascal’s Triangle can be expressed in terms of the binomial coefficient

n n!

(r) S orlin=1) )
the coefficients for forward and backward difference equations can be expressed as
(=" (n

2
(o)™ \ r @

to make up for the above-mentioned discrepancies. The next step would be to assign
the coefficients to the quantity ¢ at the FD grid points. We note that:




(i) For forward difference, the FD grid points begin with (i + n) for r = 0 and
decrease to i for r = n; and
(ii) For backward difference, the FD grid points begin with ¢ for 7 = 0 and decrease
to (i —n) for r = n.
Considering (i) and (ii), the grid points for forward and backward difference equa-
tions can be assigned as ¢;in,—r and ¢;_, respectively. Hence the forward difference

and backward difference solutions to PDE can be written in terms of binomial co-
efficients as

arn¢i - 1 - ! i

Oz i W g (—1) (7‘) ¢z+n—r (forward) (3)
and

6"¢,~ = 1 2 r[n ]

i ; (-1) (T) ¢i—r  (backward) (4)
respectively.

Table 3 shows the central difference solution of PDE derived in the same manner as
forward and backward difference equations.

Table 3 Central difference equations for even-ordered partial differentials.

Partial . 3

n differential Central difference equations

o 1¢;

0 ¢i = 62)0

1 ahig 164y — 10y
oz (6z)!

2 ¢ 1¢it1 — 2¢i + 1¢i1
0z2 (6x)2

3 3¢; » 1¢i+—§- e 3¢i+§ T 3¢i—§ = 1¢i—g
ox3 (6x3)

4 i 1¢it2 — 4¢it1 + 6¢i — 4¢i—1 + 142
ozt (6x)*

5 3 p; - 1¢i+g = 5¢i+% 4 10¢i+% = 10¢i—% + 5¢i—% —1¢;_s
x5 (6x)®

However, the so-called central difference solutions to odd-ordered PDEs shown in

Table 3 are invalid as the solution falls on intermediate points, i.e. i+ %, %, %, ...ete.



Hence coefficients of central difference solution to PDE as shown in Equation (2)
are applicable only to even-ordered differentials. For these FD equations, the grid
points begin with (i + %) at r = 0 and decreases to (i — %) at r = n. So, a suitable
assignment of central difference coefficients to grid points would be ¢,~+(12'.)_r. As
such, the central difference solution to even-ordered PDE can be written as

" - 4
8_.:’5’ = Gor ; (-5 (?:) bit(z)—r (n = even). (5)

3. Conclusion

An observation of Pascal’s Triangle pattern in FD solution to a class of partial
differentials has enabled us to describe them in terms of binomial coefficients. A
summary of these FD equations is listed in Table 4.

Table 4 Summary of finite difference equations to differential forms

in terms of binomial coefficients (or Pascal’s Triangle).
Category FD solution to PDE

- "¢ 1

Forward difference Jan ~ (a2 Z (=) ( ) Pitn—r

. an¢l T n
Backward difference o ( o )n Z (-1) A &,
Central difference (n = even) i s s i (-1)" i o;

e dz" _ (oz)" - I Bai Vs

Since all the FD solutions to this class of PDE exhibit some form of uniformity, we
may generalize

6”4),- 1 n
e Eor (] o

where

o for forward differencing
di(n, 1) =< Pip; for backward differencing (7
Bit(n/2)—r; for central differencing (n = even)
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