If m = 2 and exactly two of a, b, c, d, e is even, then a 2
(mod 8), a contradiction.

+ · · · + e2

3

So in all cases, we have 8 I abcdef. So d = 24.
10. (Ukrainian Mathematical Olympiad, 2004) Let A 1 , A 2 , ... , A 2004 be the vertices
of a convex 2004-gon(i.e., a polygon with 2004 sides). Is it possible to mark each side
and each diagonal of the polygon with one of 2003 colours in such a way that the
following two conditions hold:
(1) there are 1002 segments of each colour;
(2) if an arbitrary vertex and two arbitrary colours are given, one can start from
this vertex and, using segments of these two colours exclusively, visit every other
vertex only once?

Solntion by the editor. The actual location of the vertices are not important. The
problem is about colouring the edges of the complete graph on n vertices, n even. We
shall place vertices A1 , ... , An-I evenly on the circumference of a circle and An at the
centre.
Colour the edge AnAi and all the edges perpendicular to it with colour i. This
certainly satisfies condition (1). To satisfy condition (2), we need to show that for
any two colours i, j, the edges with these two colours form a cycle. (The figure below
shows for n = 6, the edges with colours 1, 2, 3. It's easy to see that any two of the
three sets of edges form a cycle.

Without loss of generality, we only need to show this for the case of colours 1 and i.
In the subgraph formed by these two sets of edges, every vertex is of degree 2. Thus it
is the union of edge disjoint cycles. To show that it is a single cycle, we only need to
show that the subgraph is connected. For any vertex Aa, the edge AaA2j-a, (here the
subscripts are taken mod n- 1), is perpendicular to AnAj. Thus it has colour j. Thus
the edge AaA2-a is of colour 1 and the edge A2-aA2i-2+a is of colour i. Thus Aa is
connected to A 2 (i-l)+a· Hence A 1 is connected to A 2 p(i-l)+l1 p = 1, ... , n- 2. But
these vertices are distinct since 2j + 1 2k + 1 (mod n- 1) implies that 2(j- k) 0
(mod n- 1). But n- 1 is odd. Therefore j = k if they are both :::;: n- 1. Hence the
subgraph is connected are required.
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(This article, translated by Fung Kit CHAN, originally appeared in
Chinese in the house programme of the play staged by the Hong
Kong Repertory Theatre in July 2005 in Hong Kong. The play script
of "Proof' written by David Auburn won the Pulitzer Prize and the
Tony Award in 2001.)
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