1. Let {a,} and {b,} be two sequences of positive real numbers such that, for any posi- :
tive integer n,

Apy] = Ap —

(1) Tt @190 b1o0 = @101 1oy, find the value of a; — by.

(2) If @100 = bog, Which one of ayg + bioo and ayg1 + oy is larger?

2. Fix an equilateral triangle ABC with side length 1. We call (ADEF, AXY Z) a good
triangle pair if the points D, E, and F lie in the interior of segments BC, CA, and AB, respec-
tively, the points X, Y, and Z lie on the lines BC, CA, and AB, respectively, and they satisfy

the conditions
DENNEER " FD
—=—=—, and DEL1XY,EF1YZ FD1ZX.
20L8eP). - 38
As (ADEF, AXY Z) runs through all good triangle pairs, determine all possible values
1L Il
of

+ :
SADEF  Saxyz

3.Fix two positive integers rm and r. Fixa way to color the vertices of a regular (2m+2n)-
gon so that 2m of them are black and the other 2n are white. Define the coloring distance
d(B, C) between two black points B and C to be the lesser of the numbers of white points on
either side of the line BC; similarly, define the coloring distance d(W, X) between two white
points W and X to be the lesser of the numbers of black points on either side of the line W X.
A black pairing scheme 98 means to label the 2m black points as By, ..., By, Cy,..., Cn,

such that no two segments from B,C, ..., B;,Cy, intersect each other. For each such 28, put
m
P(B) =) d(B;, Cy).
i=1

A white pairing scheme % means to label the 2n white points as W1,..., Wy, Xi,..., Xy,
such that no two segments from W; Xj,..., W, X,, intersect each other. For each such %', put

n
PW) =) dW;, X)).

i=1
Prove that, regardless of how the 2m +2n vertices are colored, we always have
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(1) Ee a100b100 = a101b101, B a — b [YJ{E
(2) Fr 100 = bog, LEEE @100 + bioo 5 G101 + bion IR

Ap41 = A —

9. Wer—AihKJy 1 IE=fT ABC. #% (ADEF, AXY Z) ——F =AM,
ME A D, E, F S RIELRE BC, CA, AB A, & X, Y, Z #HTEHE BC, CA, AB

. DE EF FD
Y (ADEF, AXY Z) WBFH =AM, & —— + —— MFHTAE

Saper  Saxyz

3. AEITEEH m A n I 2m + 2n WK 2m A TR EES, H4 2n DA
Pefs ENFANES B,C ke d dB,C) NEL BC BRI A AH A BN E;
EUFANEL W, X MEEES AW, X) NEL WX HNKESEE B

— NI R B RASETE 2m NBAFREHN B, Bm, 1, -, O, B
m &EBE B,C; (1 <i<m) WP SME—RARNTTE %, 18

T

P(%) = Zd(Bi,Ci)-
=il
— A SRR ¥ RABEETE 0 ANERIRLA W, - W, Xa, oo, X, 18
n KB WX, (1 <i<n) R HE—HRRENTR 7, id

P (W ) = id/(m, ,X.,";).

i=1
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4. Find the minimal integer n = 3 such that there exist n points A;, Ay, ..., A, ona plane
with no three being colinear, such that for every 1 < i < n, the midpoint of the segment
AjAi+ is contained in the segment A;A;,, for some j # i. Here, Ay = A;.

5. Prove that there exists a positive number C such that the following statement holds:
for any infinite arithmetic progression ay, a,, as, ... of positive integers, if the greatest com-
mon divisor of @, and ay is square-free, then there exists some positive integer m < C- ag

such that a,, is square-free.

Remark: We call a positive integer N square-free, if it is not divisible by any square that
is strictly larger than 1.

6. There are some direct one-way flights among » = 8 airports. Between any two air-
ports a and b, there is at most one direct one-way flight from a to b (it is possible to have
direct one-way flights both from a to b and from b to a). Suppose that, for any set A consist-
ing of some airports with 1 < |A| < n -1, there are at least 4 - min{|A|, n — | Al} flights in total
departing from the airports in A and arriving at the airports not in A.

Prove that for any airport x, one can depart from x and take no more than v/2n flights

to return to x.




4 SREBUNGBE 0> 3, W T AL n A Ay, dg, -, Ay, BAERE AR
Sk HXMER 1 <i<n B L <j<n (J£1), BIBRE A A, Bit®E Al
B, K A, = Ay,

5. WEHAFELE IE# C, /5 a F&5 0 RkaL:

L —ATLS LT E M EEHG a1, az, as, -+, & oy T ay FIBRKALH
TV 7T, WAFTEER m < C - o2, 1543 a, TP HE T

E:AMEEH N AFFTEF, ECABAETAT 1 9-F 58 ER.

6. A n(n > 8) FENLY, HENIHZINABREENML NEBREIS ob,
Ma ©fE b RABEEMELEZ 5K (TRENBEMN o WE b AN b E o HIE
M EIEMLR). CRHSHMER RS TENZHRNES A (1 < |4 € n-1), HEED
4-min{|A|, n — |A|} FHEEEEMEN A FEIHIE IE A Z 55

IER: SRR YL o, B UM o Bk, EEABIE von 2 Bk ik E 2
W% x.




