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In this article vJe try to justify \<Thy the general 

solution of the linear differential equation of second . order 

In scho<?l$,, .the s,olutions of the differential equation: 

. , .. , 
I, .. l-; 

of the form : .!: :·\· _;',: i '· ' · 
: •·• ~ r ,. ;_ '· 

. : .. ~' 

. ..-- ~ : . 

y(t) + ay(t) + by(t) = 0, (l) 

for instance, the wave equation y+w2y=O, are usually 

discussed. \·?hen two special solutions y
1 

(t), y
2 

(t) of (1) 

are found, ., .t~e tea.c;:her, cor1es out '.vith ·the sta.rtling statement 

that every solution of (l) can be expressed in the form 

(2) 

where c 1 and c 2 are arbitrary constants. So~e teachers, 

presumably t? ~apl-pen this shock, may ad~ tJ'lat this fact can 

be establish~d hy using the uniqueness theorem {stated below) , 

linea~tty of (1) and concepts frorn the theory of "vector 

spctces". Even the st.udent Hho . was about to stand up and 

press the teacher for a plausible explanation of this fact 

will, after this "explanation involving terms that he little 

understands, qui3tly sit back mumblling "Oh, it is one of 

t~ose things''. The reason for this article is from the 

belief that the teacher can "lessen" this "uneasiness" by 

showing that the above fact is plausible without explicit 

reference to vector space and basis. The usual trick for 

sneaking 4n an algebraic concept is to usc geometrical 

t .. 

diagrams, and thls is exactly i.'lhat "~1!~ sh\3.'11 do '· here. We · ~i 

think that the student can accept th(~ following uniquenessH··J. 

theorem without mucli difficulty. 
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Uniqueness theorem* Given two constants a and 13 the re is a 

unique solutio~ of (1) satisfying the following initia l 

conditions: 

a, l 
= B. 5 (3) 

Lo:t us now choose any t~!lo (nor --trivial) solutior.s . of (1) and -

the n show . .,tha:t;.. e.ve_ry solut.ior~ 9f (1) is o f th~C.: form (2). 

Let (~1 -'81}, (a2 ,S2) - ~e · ~.~·10 ' pair;s :~f constants such that 

neither pair is (0;0). Let y
1

(t) be the unique solution 

of (1) with :the initial conditions 

y (to) = al 

' J I ·· . 
. y ,<t~) = 81 

:::::1d y,., (t} be the unir1ue solution of (1) ~..;rith the initial 
L.. 

cond itions 

"(t } .. 0 = B.., 
·"-

Our objective is to 9how that eve ry solution of (1) can be 

e xprGssed .in thG forr:1 

'l " ~ : 

'lt !\. sketch o f t he proof may . be found in r.' Introduction to 
~rdinary diffc:r.er:-t. ial e quations " I by I\ . .L. :<a bensb:dn, 
Academic Pres s {l9E6 ), p p . 29-31. · 
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0 

As a first step, we rewrite (l) as follows: 

X = X 1 2 

' y = = . - . 

i.e. 

C:\ 
( n ....., 

= 

\··a 
i.e. X -· 1'1. ~, v-·here 

/ 
/ 

/ 

. , 

1 

x:~J -b 

X - rl\ and -

\ .. , l I-"' ..., 
c~ 

\' ('t) J •.. 

--~~ · .. 

.x, 

J\ =( 0 

-~) l-a 

r-Jc consider t:-.c Cartesian plane Pith a~es ... ·)~1 x 2 '., ::>?~etiptes 

called tho phase 'space. Then by virtue of the above .. 
. ( 

formulation of (1) ' we can vicv-7 the sOlutions of (1) as 

curves in this plane represented parametrically by 

', : .. 
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~hus the solution y 1 (t) is a curve i~ thiq olane which 

passes through the point P1 (a1 ,S 1 ) at timG t
0 

· Now consider 

any solution y(t) of (1). Sir!ce this is a solution of {1), 

it can be viewed as a curve in this Plane. Let us tako 

that this curve ~(t) passes through the poi~t P (a,~) at time 

to 

0 

:Js ing L1e triangle law of add ition of ve ctors "'"le can find 

ccn s ta:;;.ts c...., such that 
" 

New consider the function ~(t) = c 1 y 1 {t) + c 2 y 2 (t). 

Clearly this curve paasee through P(cf,B) at tiLic t ":Jy . o 
virtue of our choice of c 1 , c 2 . Further as y

1
(t) and ,y 2 (t) 

satisfy (1) lc
1 

y
1 

(t) + c 2 y/ (t)J · will c.lso satis:!:y (1) 

£or arb1trary constants c
1 
an~ c 2 . Th is is th~ linearity 

property of (1). Thu~ ~(~) and y(t) arc solutions of (1) 

and they pass through the same point P CarS) :it· ti:n.;.; t
0

• 

Hence by tho uniqueness theorem 

j ·' 
..... _ 
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Hhich es·tablishos tho original claim . 

.. 
PROBLEMS AND SOLUTIONS 

Pro::;.lems or solutions should he s f.mt to Dr • • Y .:~ .Leong , 

Department o f l'lathematics, University of Si~gapore, 

10. I ,... , t· '· . t .· . '.L.t , \ ~ . I a so~u 10n o a sucn1~· eu pro0~em 1s 

include the solution. 

P6/14~· (A ge n e ralization o f Pl/73) 

If x,y,k are positive an6 x:j.y , ~ --11, prove that 

:{ 
+ Y. ) 

z 
X + ky y + k.X }'~ + l 

{i) 

( ii) X Y. < ~ 
y + kx X + ky F"T. ., ,J, I ~ 

Singapore 

pl.a<'lSC 

(L~onard Y. E. Yap ) 

~7/71 . If p,q,r arc distinct pr1rnes, show that 
,·: 

1 1 1 

p!, q 3 , r 3 do not form ;;m arithmetic progression in any order. 

·(via Lim Eoon Tiong) 

P3/71. Without using tablds, show that 

1.3.5 ••. 99 

;. • 4. 6 .. . 100 

P9/7 5 ·. 

< J._ 
10 

Sl1o,•! that 

en+O) 
\ 0 + 

(m:l) + (m;2) 
for 

+ 

(via Louis il. Y. Chen} 

all positiv.-:: i.:r- t c_gcr s m ~nC. n, 

... + ( m:n) = (m+~+l} 
1 v.:hcre 
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