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Problem 1. (Book voucher up to $150) ® 00
2000
Find all positive integers a, b, ¢, d, all of which between 1 and 9 inclusive, such that ::::
1333a + 1306 1 L2 1 14
20c +332d ® 60
/ ® 00
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Problem 2. (Book voucher up to $150) ::

Find all positive integers a,b and ¢ such that 8%
Gaes
C - 111

3ab—1

/ (21 1)
‘ 2006
Proposed by Albert F.S.Wong, Temasek Polytechnic ® :‘:
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C. Solutions to the problems of volume 32, No2, 2005

Problem 1
Find all the real solution pairs (z,y) that satisfy the system
1 1
—+— = (z+3y)(3x+y) (1)
Vi 2
1 1 2
s = 2P @
VN
(Note: y/x denotes the nonnegative square root of the real (nonnegative) number x).
Proposed by Albert Wong, Temasek Polytechnic. /

Solution to Problem 1. By Chew Yi De - Nanyang Junior College.
Let a = \/x and b = ,/y. The two equations become
/] 1

—t o = (a®+30)(3a% +07). (3)
1 1 4 4
B 2(b* — a?). (4)

Adding two equations above, we obtain
P
= = (3a* + 10a%0® + 3b*) + (2b* — 24*).
a
Thus, we get
2 = 5a° + 10a®b® + 5b°. (5)

On the other hand, by subtracting (4) from (3), we obtain
|
i (3a" + 10a®b® + 3b*) — (2b* — 2a%).
Thus, we get
1 = 5a’b + 10a%b® + b°. (6)
By adding (5) and (6), we obtain 3 = (a + b)®. Similarly, by subtracting (6) from (5), we
obtain 1 = (a — b)®. It is now easy to deduce that
1+ V3 V3-1
2 /N

and b=

Consequently, we obtain
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Problem 2

(a) Prove that for any positive integer n,

[n/4]

o (Z{) =74 (VAP con

k=0
where || denotes the greatest integer less than or equal to z.
(b) Prove that

45

) tan®(2k — 1)° = 4005.

k=1
(Note: Solution by direct algorithmic computation will not be accepted) /

Solution to Problem 2. By Chew Yi De (Nanyang Junior College) and Wang Tengyao
(Hwa Chong Institution)
Observe that

9= (14+1)"—(1—1)" = i (Z) 3 i(—l)”(Z) 2 Lf2(272)

k=0 k=0 k=0
Consider now the complex number z = (1 + ¢)*. By using De Movire’s Theorem, the real

part of z is 22 cos “Z. On the other hand, if we expand the expression (14 7)", we see that

N (.
Z(zxk)" - (4k+2)'

k=0 k=0

the real part is

It follows that

B R = I o,
n—1 n/2 SAEE e =5 = :
PP s Y (2k) 2 (4k) kzzo (4k + 2) s 2<4k>

k=0 k=0 k=0
(a) now follows from the above equation.

For (b), we will prove the following more general result:

(2n— )m

. —1
Hi————F =aln—1).
kgzltan( o ¥=n2n-1)

From now on, we will drop the superscript ¢. By using De Movire’s Theorem again, we see
that

cos(2nz) = Z(—l)k (2Z> cos® % rsin?* 7.
k=0
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Dividing the above equation by cos®® z, we obtain
cos(2nx) <o el 2n %
s sbua? R, By 8 ¢ .
cos® x g( ) (2k wir i

Observe that the above expression is 0 if cos(2nz) = 0 and cosx # 0. In particular, we see

that for any integer s, if z = M , then

Z( i§ i )tan z=0.

However, if we replace tan? z by ¢, it means that for any integer s, tan ((2s4n )T) is a solution

of the following polynomial equation:
0= (—1)’“(22) k.
k=0

For convenience, we rewrite the above equation as follows:

" e N1y n§_2:( N G (7)
2(n—1) 1 2
k=0
Note that tan?(Z), tan?(3T), .. ., tan?(2%=1T) are all the n distinct roots. Therefore in view

of (7), n(2n — 1) is equal to sum of all roots. In other words, we obtain
2 -1
Zt = )”):n(Qn—n.

Now when n = 45, (W)c = (2n — 1)°. Thus, we obtain

> tan®(2k — 1)° = 4005.
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